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Abstract

Let G = (V, E) be a graph. A subset S of V' is called a component-complete
set or cc-set if every component of the induced subgraph (S) is complete. In this
paper we introduce several parameters using cc-sets and discuss their relations
with other graph theoretic parameters.

Keywords : Domination, irredundance, component-complete sets, cc-domination,
cc-irredundance.

2000 Mathematics Subject Classification: 05C69

1 Introduction

By a graph G = (V, E) we mean a finite, undirected and connected graph with
neither loops nor multiple edges. The order and size of G' are denoted by n and m
respectively. For graph theoretic terminology we refer to Chartrand and Lesniak [2].

One of the fastest growing areas in graph theory is the study of domination and
related subset problems such as independence, irredundance, covering and matching.
An excellent treatment of fundamentals of domination in graphs is given in the book
by Haynes et al. [2]. Surveys of several advanced topics in domination are given in
the book edited by Haynes et al. [6].

Let G = (V, E) be a graph. Let v € V. The open neighbourhood N(v) and closed
neighbourhood N[v] are defined by N(v) = {u € V : uwv € E} and N[v] = N(v)U{v}.
A subset S of V' is said to be an independent set if no two vertices in S are adjacent.
A set S is called a dominating set of GG if every vertex in V' — S is adjacent to at least
one vertex in S. A subset S of V' is called an irredundant set if for every vertex v € S
there exists a vertex w such that Njw] NS = {v}.

We observe that the maximality condition for an independent set is the definition
of dominating set and the minimality condition for a dominating set is the definition
of irredundant set.
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The above concepts of independence, domination and irredundance lead to the
following six parameters.

i(G) = min{|S| : S is a mazimal independent set in G}.
Bo(G) = max{|S| : S is an independent set in G}.
Y(G) = min{|S| : S is a dominating set in G}.
['(G) = maz{|S]| : S is a minimal dominating set in G}.
ir(G) = min{|S| : S is a mazximal irredundant set in G}.
IR(G) = max{|S| : S is an irredundant set in G}.

These parameters are respectively called independent domination number, indepen-
dence number, domination number, upper domination number, irredundance number
and upper irredundance number. These parameters satisfy the following inequality
chain.

ir(G) <7(G) <i(G) < Bo(G) <T(G) < IR(G).

This inequality chain which was first observed by Cockayne et al. [1] is called the
domination chain and has become one of the strongest focal points for research in
domination theory.

There are many variations of domination in graphs. In the book [2] it is pro-
posed that a type of domination is “fundamental” if every connected nontrivial graph
has a dominating set of this type and this type of dominating set S is defined in
terms of some “natural” property of the subgraph induced by S. Examples include
total domination, independent domination, connected domination and paired domi-
nation. In this paper we introduce the concept of component-complete sets, which is
a fundamental concept in the above sense. We also introduce several new parameters
using this concept and investigate their relation with the six basic parameters of the
domination chain.

We need the following definitions.

Definition 1 The cartesian product G = G10Gy has V(G) = V(Gy) x V(Gs), and
two wvertices (uy,us) and (vi,vs) of G are adjacent if and only if either uy = vy and
ugvy € E(G3) or ug = vg and uyvy € E(G).

Definition 2 The corona of two graphs Gy and Gs is the graph G = G1 o Gy formed
from one copy of Gy and |V (G1)| copies of Gy where the it" vertex of Gy is adjacent
to every vertex in the it" copy of Gs.



India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009 3

2 Basic Results

Dutton and Brigham [4] have proved the following theorem for claw-free graphs.

Theorem 3 [4] Let D be a minimal dominating set of vertices in a K 3-free graph.
Then D 1is a collection of disjoint complete subgraphs.

Hence if D is a minimal dominating set of a claw-free graph G, then every com-
ponent of the induced subgraph (D) is complete. We observe that any independent
set S in a graph also has this property. Further the concept of subcoloring and
subchromatic number [9, 1, 6] deals with the problem of partitioning vertex set V'
into subsets X1, Xs,..., Xy, where each X is such that every component of (X;) is
complete. These observations motivate the concept of component-complete sets.

Definition 4 Let G = (V, E) be a graph. A subset S of V is called a component-
complete set or simply a cc-set if every component of the induced subgraph (S) is
complete.

The concept of component-completness is a natural generalization of the concept
of independence, since every independent set is obviously a cc-set. Also any subset of
a cc-set is a cc-set, so that component-completeness is a hereditary property. Hence
a cc—set S is a maximal cc-set if and only if SU{v} is not a cc—set for allv € V — S.
Thus a cc-set S C V is maximal if and only if for every v € V — S| there exists a
clique C in (S) such that v is adjacent to a vertex in C' and v is not adjacent to a
vertex in C' or there exist two cliques C; and Cy in (S) such that v is adjacent to a
vertex in C] and to a vertex in C.

Definition 5 The cc-number (..(G) and the lower cc-number i..(G) are defined by
Bee(G) = max{|S| : S is a mazimal cc-set of G} and
iee(G) = min{|S| : S is a mazimal cc-set of G}.

Clearly i..(G) < B.(G). Further since every independent set is a cc-set, it follows
that ﬁO(G) < /BCC<G)

Definition 6 A dominating set of G which is also a cc-set is called a cc-dominating
set of G. The cc-domination number Y..(G) and the upper cc-domination number
I'..(Q) are defined by

Yee(G) = min{|S| : S is a minimal cc-dominating set of G} and

Leo(G) = maz{|S| : S is a minimal cc-dominating set of G'}.
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Since any maximal cc-set is a dominating set of G, and every maximal independent
set is a minimal cc—dominating set, the parameters 7..(G) and I'..(G) fit into the
domination chain,thus leading to the following extended domination chain

ir(G) £ 9(G) £ 7e(G) < i(G) < Bo(G) < Tee(G) <T(G) < IR(G).

We observe that the parameters i..(G) and (..(G) do not fit into this chain, since

ice(Kpn) = Bee(K,) = n and all the other parameters in the chain are equal to 1 for
K,.

Definition 7 An irredundant set in G which is also cc—set is called a cc-irredundant
set.

Observation 8 Since cc-irredundance is a hereditary property, it follows that a cc-
irredundant set S is mazimal if and only if for every x € V. — S, SU {x} is either
not a cc-set or it is not an irredundant set. In particular, if a cc-set is a mazximal
wrredundant set, then it is necessarily a mazximal cc-irredundant set. However, the
converse is not true. For the graph G given in Figure 1, the set I = {a,b} is a
mazximal cc-irredundant set, but is not a maximal vrredundant set.

G

Figure 1
Lemma 9 Any minimal cc-dominating set is a maximal cc-irredundant set.

Proof. Let S be a minimal cc-dominating set of GG. Since S is a minimal dominating
set, S is a maximal irredundant set. Thus, S is a maximal cc-irredundant set of G. i

Definition 10 The cc-irredundance number and the upper cc-irredundance number

of G are defined by
iree(G) = min{|I| : I is a mazimal cc-irredundant set} and

IR..(G) = max{|I| : I is a mazimal cc-irredundant set}.
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For any graph G, we have ir..(G) < Ye(G) < Two(G) < TR (G) and ir..(G) <
Ve G) < ice(G) < fee(G).

It follows from Theorem 3 that for any claw-free graph G, v(G) = 7..(G) and
['(G) = T'we(G). Also for any graph G with v(G) = 2,we have 7(G) = 7.(G) = 2.
The following theorem gives another family of graphs for which v(G) = 7..(G) and
L(G) = [ (G).

Theorem 11 If G is 3-reqular, then v(G) = v.(G) and T'(G) = T'oo(G).

Proof. Let G be a 3-regular graph and let D be a y—set of G such that (D) contains
maximum number of components. If (D) contains P; = (u,v,w) as an induced
subgraph, then D' = (D — {v}) U {v1}, where v; is a private neighbor of v with
respect to D, is a y—set and the number of components in (D’) is larger than the
number of components in (D), which is a contradiction. Hence it follows that D is a
cc—set and y(G) = Ye(G). Similarly we can prove that I'(G) = T'..(G). |

3 Relationship between parameters

In this section we discuss the relation between the standard domination chain
parameters ir, 7, 1, By, [, R and the corresponding cc-parameters ire., Yee, tees Bees Lee
and I R... We first present several pairs of these parameters which are not comparable.

For the graph H given in Figure 2, ir..(H) = 4 and y(H) = 5. For the graph
G given in Figure 3, S; = {a,b,c} is a maximal cc-irredundant set of minimum
cardinality, so that ir..(G) = 3. However, Sy = {a,e, f, g} is a maximal irredundant
set of minimum cardinality, so that ir(G) = 4. Also for the graph G = P; o 2K,
ir(G) = 3, ire.(G) = 4 and «(G) = 3. Hence the parameters ir and ir.. and the
parameters v and ir.. are not comparable.

Figure 2 Figure 3

For the complete bipartite graph G = Ks,,r > 3, we have i.. = 2 and [y(G) =
[(G) = T(G) = IR.(G) = Bee(G) = 1. Also i.(K,) = Bee(K,) = n whereas
i(Kn) = Bo(Kn) = Tee(Ky) = ['(K,) = IR.(K,) = IR(K,) = 1. Further i(K, o
2K;) = 2n — 1 and i.(K, o 2K;) = n. Hence i, is not comparable with any of
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IR IR, I",T,i(G) and (. For the graph G obtained from K, 44 o Ky, by adding
edges in such a way that the subgraph induced by the set of all pendant vertices is
a cycle, we have I'(G) = IR(G) = 12 and fB.(G) = 11. Thus [, is not comparable
with IR and T'.

Let G be the graph obtained from the path Py = (ai,as,as, a4, as,ag) and the
complete graph K¢ with V(Kg) = {b1, by, b3, ba, bs, b} by adding the edges a;1by, asbs,
asby, asbs and agbg. At least one vertex of V(Kjg) is in any dominating set of G, and
['(G) = 4. Also I = {by,bo,by,b5,bs} is a cc-irredundant set and so I R..(G) > I'(G).
Also for the graph H = C50K,, we have I'(H) =5 > 4 =IR..(H). Thus I" and IR,

are not comparable.

Theorem 12 Given any positive integer k, there exist graphs G, Go, Gs, G4, G5 and
Gg such that v..(G1) — v(G1) > k, i(Ga) — Yee(G2) > k, ice(G3) — Vee(G3) > k,
FCC(G4) — 60<G4) > kf, F(G5) — PCC(G5) >k and ZT(GG) — iTCC(GG).

Proof. For the graph G; = K, o mKy,m > 2,n > 2, we have v(G;) = 3n
and 7v..(G1) = n + 2mn. For the graph Gy formed from the path (u,v,w) of order
3, by attaching m,2m and 3m pendant vertices at u,v and w respectively, we have
Y(G2) = 3,%(G2) = 2+ m and i(G2) = 2 4 2m. Also for the graph G5 = K,,, we
have i..(G3) = n and ~..(G3) = 1. Hence the differences ve. — 7, i — Yee and e — Yee
can be made arbitrarily large. For the cartesian product G4 = K,,0K5, we have
I'..(G4) = m and [y(G4) = 2. For the graph G5 obtained from K, , o Ki,n > 2,
by adding edges in such a way that the subgraph induced by the set of all pendant
vertices is a cycle, we have I'..(G5) = 2n and I'(G5) = 3n. Thus the differences I'..— 3y
and I' —I'.. can be made arbitrarily large. For the graph G formed from the union of
k vertex disjoint copies Hy, Hs, ..., Hy of G given in Figure 3 with additional edges
so that the vertices di, ds, . .., ds, where d; is the vertex labelled d in the i*" copy H;
induce a path. The resulting graph has ir(Gg) = 4k and ir..(Gs) = 3k and hence
1 — 1re can be made arbitrarily large. i

Theorem 13 For any graph G,v(G) < 2ir..(G).

Proof. Let I = {x1,2,..., 2} be an ir.-set of G. Let y; be a private neighbor of z;
with respect to I and let A =T U {y1,ys,...,yx}. If there exists a vertex zin V — A
such that N(z)N(V — A) =0, then B =TU{x} is a cc-set of G and z is an isolated
vertex in (B) . Further for each i, y; is a private neighbor of x; with respect to B and

hence B is cc-irredundant, which is a contradiction. Hence A is a dominating set of
G and hence v(G) < 2ir..(G). i

Observation 14 For the graph G given in Figure 4, I = {a,b,c,d, e, f} is a mazimal
cc-irredundant set and ir..(G) = 6. However v..(G) = 5+ 2t,t > 2 and hence the
ratio Yeo(G) /ire.(G) can be arbitrarily large.
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bk

Figure 4

The following Hasse diagram summarizes the relationship between the various
parameters for an arbitrary graph G.

Bee(G)

/ \ _R(@G)
IR..(G) N\
iee(G)
A
Tr

/u( )

Bo(G)

T

irec(G)

Yoo
o
ir(G/

Figure 5. Relationship between parameters

Theorem 15 Leta,b,c,d be four integers such that3 < a <b<c¢<dandb< 2a—1.
Then there ezists a graph G with ir(G) = a,7(G) = b,7.(G) = ¢ and i(G) = d.

Proof. Casei. b > a.

We construct a graph G as follows. The vertex set of G consists of disjoint

subsets A, Wy, Wo, ..., Wy_o,Y1,Ys,.... Y, and 21,25, ...,Z,, where A = {wy, ws,

Wt Wi =H{wje - k= 1,2,...;,a—j}7 =1,2,....,b—a, Y; = {yn}t,j =

1,2,...,@, Zl = {z117212a"'7zld}7 ZQ = {22172227"'a22m}7 m = d_b+ 17 ZS =
b—a

{731,232, ..., 230 },n = c— b+ 1. Also let Z; = {z;1},j = 4,5,...,a, W = U Wi,

=

Y = U Y, and Z = U Z;. Join the vertices of G in such a way that G[A] = K,
j=1
and G[W] = Kaj,j = 1,2,...,b —a. Also join every vertex in Y; to every vertex

in Zj,j7 =1,2,...,a, every vertex in Y to every vertex in Y5, every vertex in Y5 to



8 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

every vertex in Y3, and w; to every vertex in Y;, 7 = 1,2, ..., a. Finally, add the edges
w;w;i and w;ypw;y, for each j =1,2,...,b—a and for each £ =1,2,...,a — J.

To prove that ir(G) = a, we observe that A is irredundant. Now, let x € V' — A
and let A; = AU {z}. If z € Z; or Y; for some j, then w; has no private neighbor
with respect to A;. If x € W;, then x itself has no private neighbor with respect to
A;j. Thus A is a maximal irredundant set and hence ir(G) < a. Further any maximal
irredundant set contains at least one vertex in W; UY; U Z;,1 < j < a and hence

ir(G) = a.

We now proceed to prove that v(G) = b. Clearly, D = {w; : j =1,2,...,b—a}UY
is a dominating set of G and so v(G) < b. Furthermore any dominating set D of G,
it can be easily verified that |[D N (Y U Z)| > a and |[DN(AUW)| > b — a. Hence
1(G) = b.

We now prove that 7..(G) = ¢. Clearly, D' = {wy2} U{w;; : j =2,...,b—a} U
{yi1,y21} U{yj1 : j =4,5,...,a} U Z; is a cc-dominating set of G and so 7..(G) < c.
Furthermore any cc-dominating set D', it can be verified that |D' N (Y U Z)| >
a—3+2+c—b+1l=c—b+aand |D'N(AUW)| >b—a. Hence 7..(G) = c.

We now prove that i(G) = d. Clearly, I = {w;; : j=1,2,...,b—a}U{y11,ys1} U
{yn :j=4,5,...,a}UZy is a maximal independent set of G and so i(G) < d. Further

any independent set I of GG, it can be verified that I contains at least b — a vertices
in AUW and [IN(YUZ)| >d—b+a. Thus i(G) = d.

Case ii. b=a.

We construct a graph G as in case(i) by taking V(G) = AUY U Z and replacing
m by d — b and n by ¢ — b in the above construction.Proceeding as in case(i), it can
be proved that ir(G) = a,7(G) = b,7..(G) = ¢ and i(G) = d. i

4 Complexity Results

We prove that the decision problems corresponding to the parameters 7.. and [,
are NP-complete. One of the most common NP-complete problems is the exact cover
by 3-sets problem (X3C'), which was first shown to be NP-complete by Karp [5].

EXACT COVER BY 3-SETS (X3C)
INSTANCE. A finite set X with |X| = 3¢ and a set C of 3-element subsets of X.
QUESTION. Does C contain an exact cover for X, that is a subcollection C" C C

such that |C'| =g and |J S = X7
SecC’

The decision problem for cc-dominating set can be stated as follows.
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CC-DOMINATING SET
INSTANCE. A graph G and a positive integer k.

QUESTION. Does G have a cc-dominating set S with |S| < k?

Theorem 16 cc-dominating set is NP-complete even when restricted to bipartite
graphs.

Proof. Obviously cc-dominating set is in NP. Now let X = {z1,2,...,23,} and
C ={X1,Xs,...,X,} be an arbitrary instance of X3C. We construct a graph G as
follows.

We take r copies G; of K 3. Let v; be the central vertex of G; and label one of the
leaves by X;. Add vertices x; for each element x; € X and join the vertices z; and z;
it v, € Xj. Let k=r+gq.

Now, suppose C has an exact cover C' = {X;1, Xjo,...,X;q}. Then S = C'U
{v1,v9,...,v,.} is a dominating set, |S| = r + ¢, each v; dominates 2 or 3 vertices in
V — 5, X;; dominates 3 vertices in V' — S and each vertex in V' — S is dominated by
exactly one vertex in S. Thus S is a cc-dominating set of G.

Now, suppose G contains a cc-dominating set S with |S| < r+¢. Since v(G) > r+q,
it follows that |S| =r+¢and v; € S;1 <i <rand x; ¢ 5, 1 <i < 3q. Since each
X; € S dominates exactly three x;’s, it follows that |S N C| = ¢ and S N C forms an
exact cover for X. Hence cc-dominating set is NP-complete. | |

Corollary 17 Given a graph G, the problems of deciding whether v(G) = 7..(G) =
i((G) or Y(G) = Yee(G) 01 Yee(G) = i(G) are NP-complete.

Proof. For the graph G constructed in the Theorem 16, C has an exact cover if and
only if Y(G) = 7.(G) = i(G) = r + ¢ and hence the result follows. i

3-SAT

INSTANCE. A set X = {x,%9,...,x,} of variables and a set C' = {C},C,, ..., C;}
of 3 element sets called clauses, where each clause C; contains three distinct occur-
rences of either a variable z; or its complement .

QUESTION. Does C have a satisfying truth assignment?
UPPER CC-DOMINATING SET
INSTANCE. A graph GG and a positive integer k.

QUESTION. Does GG have a minimal cc-dominating set of size > k7
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Theorem 18 UPPER CC-DOMINATING SET is NP-complete.

Proof. Clearly cc-dominating set is in NP. Given an instance C' of 3-SAT, X =
{z1,29,...,2,} and C = {C},Cy,...,C;}, we construct a graph G as follows.

We take n copies G; of K33, one for each literals z; and j copies of H;, one for
each C;. Label two adjacent vertices of G; as x; and 2/ and label one vertex of degree
3 in H; as C; (as shown in Figure 6 and Figure 7).Join the vertex labelled C; with
the vertices labelled xy, z; and x,, where C; = {xy, x;, x }.

Ci
Q; Vi
@I
(%
(% w;
Figure 6 Figure 7

Suppose C' has a satisfying truth assignment. Let D be the set consisting of all
literals x; or x; which are assigned the value true and the two vertices of G; which are
not dominated by the chosen vertex in D and the vertices u;, v;, w; from H;. Clearly,
each component of (D) is K; or K3 and D —{v} is not a dominating set for all v € D.
Therefore D is a minimal cc-dominating set of order 3n + 3j.

Conversely, suppose GG contains a minimal cc-dominating set D with cardinality
> 3n + 3j. Since D is minimal, it follows that |[DNV(G;)| <3 and |[ DNV (H;)| < 3.
Since |D| > 3n + 3y, it follows that |D N V(G;)| = |D NV (H;)| = 3. Therefore, for
1 <i <7, u;,v; and w; are in D, exactly one of the vertices x;, 2 is in D and C; does
not belong to D. Hence C; is dominated by exactly one of the vertices xy, z). Now

define

mm_{F if 7, ¢ D
Clearly, f is a satisfying truth assignment for the instance C. | |

The following are some interesting problems for further investigation.
Problem 19 For the hypercube Qy, is Y(Qn) = Yee(@n) for n > 67
Problem 20 Is (P,0P,,) = Ye.(P,0P,,)?

Problem 21 Does there exist a linear time algorithm to compute v..(G) for trees?
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Problem 22 Characterize graphs G for which v(G) = Yee(G).
Problem 23 Characterize graphs G for which I'(G) = I'e.(G).

Problem 24 Characterize graphs G for which U'e.(G) = [Reo(G) = Bee(G).

References

[1] M. O. Albertson, R. E. Jamison, S.T. Hedetniemi and S.C. Locke, The subchro-
matic number of a graph, Discrete Math., 74(1989), 33-49.

[2] G. Chartrand and L. Lesniak, Graphs and Digraphs, Chapman and Hall, CRC,
4™ edition, 2005.

[3] E. J. Cockayne, S. T. Hedetniemi and D. J. Miller, Properties of hereditary
hypergraphs and middle graphs, Canad. Math. Bull., 21 (1978), 461-468.

[4] R. D. Dutton and R. C. Brigham, Domination in Claw-Free Graphs, Congr.
Numer., 132 (1998), 69-75.

[5] M. R. Garey and D. S. Johnson, Computers and Intractability-A Guide to the
Theory of NP-Completeness, W.H. Freeman and company, 1979.

[6] J. Gimbel and C. Hartman, Subcolorings and the subchromatic number of a
graph, Discrete Math., 272(2003), 139-154.

[7] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, Fundamentals of Domination
in Graphs, Marcel Dekker Inc., 1998.

8] T. W. Haynes, S. T. Hedetniemi and P. J. Slater, Domination in Graphs-
Advanced Topics, Marcel Dekker Inc., 1998.

[9] C. Mynhardt and I. Broere, Generalized colorings of graphs, In Y. Alavi,
G. Chartrand, L. Lesniak, D.R. Lick and C.E. Wall, editors, Graph Theory with
Applications to Algorithms and Computer Science, Wiley, (1985), 583-594.



12 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

b-coloring of Kneser graphs
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The b-chromatic number was introduced by R.W. Irving and D.F. Manlove [2] by
considering proper colorings that are minimal with respect to a partial order defined
on the set of all partitions of V(G). They have shown that the determination of
b(G) is N P-complete for general graphs, but polynomial for trees. The b-chromatic
number has received wide attention from the time of its introduction (See references
at the end).

A k-coloring of a graph G is a b-coloring of G using k colors if each color class
contains a color dominating vertex, that is, a vertex adjacent to at least one vertex
of every other color class. The b-chromatic number of a graph G, denoted by b(G),
is the maximum £ such that G has a b-coloring using k£ colors. Here also, as in the
case of achromatic number, the chromatic number is the minimum k& such that G has
a b-coloring using k-colors.

The name b-chromatic number is analogous to the achromatic number. While the
achromatic number of a graph G gives the maximum number of color classes in a
‘complete’ coloring of GG, the b-chromatic number of a graph G gives the maximum
number of color classes in a b-coloring of G.

It is known that for any k € [x(G), ¥ (G)], there exists a complete coloring using
k colors. But the same does not happen for b-coloring. That is, for some k €
[X(G),b(G)], the graph G may not have a b-coloring using k colors. A graph G
is said to be b-continuous if there exists a b-coloring of G using k colors for every
k € [x(G),b(G)]. It is an interesting question to find out as to which families of
graphs are b-continuous. It has been proved that chordal graphs, sparse graphs,
cographs and a particular type of planar graphs are all b-continuous.

The concept of Kneser graphs was introduced by M. Kneser in [4]. The Kneser
graphs have drawn the attention of many graph theorists. It was conjectured by
Kneser [4] in 1955 and proved by Lovész [6] in 1978 that x(K(m,n)) = m — 2n + 2.
The proof was considered as an extraordinary achievement because it marked the
beginning of the era of topological combinatorics: Applications of topological methods
and theorems to problems of discrete mathematics.
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The idea of finding the b-chromatic number of Kneser graphs was initiated in [3].
The b-chromatic number of Kneser graphs has been studied till date only for a few
classes of graphs [3] and we list them below.

Theorem 1
Forn >3, b(K(2n+ 1,n)) =n + 2.

Theorem 2
K (2n + k,2) are b-continuous for 2n + k > 17.

Theorem 3
For m =2n + k, and m # 8§,

%J if n is odd

(m—1)(m—2)
6

b(K(m,2)) =
(5 ) J—l—?) if n is even

and b(K(8,2)) = 0.

The natural question is: Are there Kneser graphs with b =1+ A = 1+ d, other
than odd graphs? In the process of seeking an answer to this question, we have

Theorem 4
If G is a Kneser graph with |V (G)| < 2d + 2 — 2i, then b(G) < d — i, where d is the
degree of regularity of the Kneser graph.

For all the above graphs, b < 1+ A.

Theorem 5
The odd graphs are b-continuous.

Now by Theorem 5, all odd graphs are b-continuous. Further, by Theorem 2,
K(2n+ k,2) are b-continuous for 2n + k > 17. Hence it is natural to ask the folowing
question: Are the Kneser graphs b-continuous? For the Petersen graph, y = 3 = b,
and hence it is trivially b-continuous. The following result shows that the question of
examining b-continuity for other Kneser graphs is nontrivial.

Theorem 6
For any Kneser graph G = K(2n + k,n) other than the Petersen graph, b(G) >
k+4=x(G)+2.

Theorem 7
If3<n<k+1, then (K(2n+k,n)) >n+k+ 1.

The following are some selected references.
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Joint structural importance in consecutive-k-out-of-
n systems
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The joint reliability importance JRI (1, j) of two components ¢ and j measures how
these two components in a system interact in contributing to the system reliability
R(P). The joint reliability importance JRI (i, 7) is defined as follows.

O°R(P)

g J

= R(1;,1;, Bij) + R(0:, 05, Pij) — R(1, 05, Pij) — R(0;, 15, Pij),
where p; denotes the reliability of component 7, P; denotes all the component reliability
except that of the component ¢, and 1; and 0; denote component ¢ working and
failed, respectively. The value of JRI(7,j) is positive (negative) if and only if one
component becomes more important (less important) when the other works. Joint
reliability importance was first proposed independently by Hagstrom [2] and by Hong
and Lie [5]. Note that the system reliability R(P) can be computed only when the
reliabilities of all components are well defined. Without the information of component
reliabilities, we need to know the relative importance of the locations so that more
reliable components can be assigned to the more important locations to maximize the
system reliability. Many researchers have studied joint structural importance (setting
all p; = p) in many systems: the fault tree [3], the two-terminal system [1, 5, 7], the
k-out-of-n system [5], etc.

A consecutive-k-out-of-n system consists of an ordered sequence of n components
where the system fails if and only if any & consecutive components are all failed.
Relative to low reliability of a series system and high reliability but very expensive
hardware of the parallel system, the consecutive-k system has attracted many re-
searchers. In this talk, we will present our results on the joint structural importance
in consecutive-k-out-of-n systems.

We first state several natural symmetry properties of the joint structural impor-
tance in consecutive-k-out-of-n systems.

Lemma 1.

(i) JSI(i,5) = JSI(ji).



16 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

(i) JSI(i,i)=0.
(iii) JSI(i,5) =0 for k > n.

(iv) JSI(i,j)=JSI(n—i+1,n—j+1).

By Lemma 1, it suffices to discuss JSI(4, ) in consecutive-k-out-of-n systems for
kE<nand 1< i< [n/2]. Next, we consider JSI(i,j) for two special cases: the
series system (k = 1) and the parallel system (k = n).

Theorem 2. Consider a consecutive-k-out-of-n system.

(i) For k=1 (the series system), JSI(i,j) = p" 2 > 0.

(ii) For k =n (the parallel system), JSI(i,j) = —¢" 2 < 0.

Next, we solve joint structural importance for n < 2k.

Theorem 3. Suppose n < 2k.

(i) For1<i<mn-—k,

—jpg*? if1<j<i,
o —ipq ifi<j <k,
JSI(i,5) = (G —k—ipd? ifk<j<i+k,
0 ifir+k <y <n.
(il) Forn—k <i<[n/2],
—jpg"? if1<j<n-—k,
JSI(i,7) =< —[(n—K)pd"2+¢"2 ifn—k<j<kj#i,
—(n+1—j)pg? ifk<j<n.

In the following, we discuss joint structural importance for n > 2k. First, we

consider 7 = 1.

Theorem 4.

(i) For2<j <k, JSI(1,5) <0. Furthermore, JSI(1,5) = —pg"2R(n — k — 1).

(ii) For j =k+1, JSI(1,5) > 0. Furthermore, JSI(1,k+1) = ¢* 'R(n —k — 1)
forn > 2k and JSI(1,k+1) =¢** for k+1<n < 2k.

(iii) For j > k+2, JSI(1,5) = p¢"2(R(j — k — 2)R(n — j) — R(n — k — 1)).
Furthermore, JSI(1,7) >0 for n > 2k and JSI(1,j) =0 fork+2<j<n<
2k.
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Theorem 5. JSI(1,5) =JSI(I,n+k+2—j) fork+2<j<n.

Theorem 6. For2 < j < min{i+k+1,n}, the ordering of JSI(1,j) are JSI(1, j')
JSI(1,k) <0< JSI(1,n) =JSI(1,k+2) < JSI(1,j) < JSI(1,k+1), for2 <j
k—1landk+3<j57<n-—1.

<

Next, consider 7 > 1.

Theorem 7. For2 <i<j<k+1, JSI(i—1,5) — JSI(i,j) = p¢d* 2R(n —i — k).
Furthermore, JSI(i—1,7) > JSI(i,j) forn >i+k—1 and JSI(i—1,5) = JSI(i,7)
form <i+k—2.

Theorem 8. Consider k+2 < j < 2k.

(i) Fork+1<i<j<2k, JSI(i—1,7)—JSI(i,7) = pd" 2R(i —2)R(n —i—k) +
p¢"2R(i — k —2)(R(n —j) — R(n — 1)) > 0.

(i) Forj—k+1<i<kand k+2 < j <2k JSI(i—1,5)— JSI(i,j) =
pq"*R(n —i—k) > 0.

Theorem 9. Forj—k+1<i<jand2k<j<|[n/2], JSI(i—1,j5)—JSI(i,j) =
p"2R(i —2)R(n —i — k) + p¢*2R(i — k — 2)(R(n — j) — R(n — 1)) > 0.
Theorem 10. Consider i < k. JSI(i,j) < JSI(i,j+ 1) fork < j <i+k—1.
Furthermore, JSI(i,j+1)— JSI(i,j) = pd* 2R(j —k—1)R(n—j—1) +pg"2R(n —
j—k—=1)(R(GE—-1)—R(j —1)) >0.

Theorem 11. JSI(i,i+k) > JSI(i,i+k+1) and JSI(i,i —k) > JSI(i,i—k—1)
forn >1+ 2k.

Note that, given a fixed ¢, the graph of JSI(i,7) has a W-shape property for
max{l,i —k—1} <j <min{n,i+ k + 1} with JSI(i,7) = 0.
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In this paper we introduce a new graph that can be associated to a poset P, we
call it the cover-incomparability graph (C-I graph) of P. This is the graph in which
the edge set is the union of the edge sets of the corresponding cover graph and the
corresponding incomparability graph. Note that this is the only nontrivial way to
construct a new associated graph as unions and/or intersections of the edge sets of
the three standard associated graphs. Our motivation for C-I graphs comes from the
theory of transit functions that can in particular be studied on posets.

The notion of transit functions was introduced by Mulder about ten years ago and
finally written up in [4]. The central idea of this concept is to generalize the interval
function of a graph [3], and to study how to move around in discrete structures. A
transit function on a non empty set V is a function 7 : V x V — 2V satisfying the
following transit axioms:

(t1) u € T(u,v) for any v and v € V.
(t2) T(u,v) =T(v,u) for all w and v € V.

(t3) T(u,u) = {u} for all u € V.

The underlying graph Gt of a transit function T on a set V' is the graph with vertex
set V', where distinct u and v in V' are joined by an edge if | T'(u,v) |= 2.

For a poset P = (V, <), the standard poset transit function Tp : V x V — 2V is
defined in the following way:

(i) If z and y are incomparable, then Tr(x,y) = {z,y}.
(ii) If x <y, then Tp(z,y) ={2 | x <z < y}.
(iii) If y <z, then Tpr(x,y) ={2 |y < z < x}.

Clearly, Tp satisfies (t1)-(t3). In other words, Tp is a transit function.

The underlying graph G, of T' is obtained from the cover graph of P by adding
an edge between any pair of incomparable elements of P. Thus the edges of G, are
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the union of the edges of the cover graph of P and the incomparability graph of P.
Hence we say that G, is the cover-incomparability graph (C-I graph) of P.

Let P = (V, <) be a poset. If u < v but u # v, then we write u < v. If u and v are
in V', then v covers u in P if u < v and there isno w in V with u < w <v. If u <wv
we will sometimes say that u is below v, and that v is above u. Let V'’ be a nonempty
subset of V. Then there is a natural poset @ = (V', <’), where u <’ v if and only if
u < v for any u,v € V'. The poset @ is called a subposet of P and its notation is
simplified to @ = (V’, <). If, in addition, together with any two comparable elements
u and v of @), a chain of shortest length between v and v of P is also in @), we say
that @ is an isometric subposet. For the purposes of this paper we will say that P is
called Q-free if P has no isometric subposet isomorphic to ().

The main results that we discuss are actually special instances of the general
theorem given below. Some of these results already appeared in the paper [1], which
is the first paper on these classes of graphs. In another paper following this paper,
it is proved that the recognition complexity of cover-incomparability graphs is NP-
complete, [2].

Theorem Let G be a class of graphs with a forbidden induced subgraphs char-
acterization. Let

P ={P | P is a poset with G, € G}.
Then P has a forbidden isometric subposets characterization.

As special instances of this theorem, we characterize C-I graphs which belong to
some of the standard graph families which possess forbidden induced subgraphs char-
acterization. We specifically discuss the C-I graphs which are chordal, distance herid-
itary, Ptolemiac. Also we address the reverse problem, namely among some standard
classes of graphs, which graphs are cover-incomparability graphs. This we address
for block graphs and split graphs. This problem is important for the standard graph
families whose recognition complexity is polynomial.
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Let I' be a finite group with e as the identity. A generating set of the group I' is
a subset A such that every element of I' can be expressed as the product of finitely
many elements of A. Assume that e ¢ A and a € A implies a=! € A. The Cayley
graph G = (V, E), where V(G) = T" and E(G) = {(z,y).|z,y € V(G), there exists
a € A such that y = za} and it is denoted by Cay(I", A). The exclusion of e from A
eliminates the possibility of loops in the graph. The inclusion of the inverse in A for
every element of A means that an edge is in the graph regardless of which end vertex
is considered. For =,y € V(G), there exists g € I' such that y = xg. One can express
g as product of ai,as,...,a, € A. Then y and x are connected by a path through
ai, ag, ...,a, € A. Hence G is connected and |A| is the degree of Cay(T", A).

Suppose G is a graph, the open neighbourhood N (v) of a vertex v € V(G) consists
of the set of vertices adjacent to v. The closed neighbourhood of v is N[v] = N(v)U{v}.
For a set S C V, the open neighbourhood N(S) is defined to be U,csN(v) and the
closed neighbourhood of S is N[S] = N(S)US [3]. A set S C V of vertices in a graph
G = (V,FE) is called a dominating set if every vertex v € V is either an element of
S or adjacent to an element of S [3]. A dominating set S is a minimal dominating
set if no proper subset is a dominating set. The domination number v(G) of a graph
G is the minimum cardinality of all dominating sets in G [3] and the corresponding
dominating set is called a ~-set. A dominating set S is an independent dominating
set if no two vertices in S are adjacent. The independent domination number i(G) of
a graph G is the minimum cardinality of all independent dominating sets in G [1].
The domatic number d(G) of a graph G to be the maximum number of elements in a
partition of V(@) into dominating sets. The independent domatic number d;(G) of a
graph G is the maximum number of elements in a partition of V(G) into independent
dominating sets [3]. Similarly the perfect domatic number d,(G) is the maximum
number of elements in a partition of V(G) into perfect dominating sets of G. A graph
G is said to be excellent if each vertex u of GG is contained in some 7-set of G. The graph
G is said to be k-excellent, if every subset S of V(G) with |S| = k is contained in some
v-set of G. Tamizh Chelvam and Rani [5, 6] have obtained the domination number
and independent domination number for certain circulant graphs. A set S C V is a
total dominating set if N(S) = V, or equivalently, if for every vertex v € V| there
exists a vertex u € S, u # v, such that u is adjacent to v. The total domination
number (@) is the minimum cardinality among all total dominating sets of G [3].
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A total dominating set of a graph G with cardinality v,(G) is called a y;-set of G. A
graph G is a total excellent graph if to each u € V', there is a v;-set of G containing u.
A dominating set S is a connected dominating set if < S > is a connected subgraph
of G. The connected domination number 7.(G) is the minimum cardinality among all
the connected dominating sets of G [3] and the corresponding set is denoted by 7.-set

of GG.

Throughout this paper, n is a fixed positive integer, Z,, = {0,1,2,...,n— 1} and

G = Cay(Z,, A), where A is a generating set of Z,. Hereafter + stands for modulo

n addition in Z,. Unless otherwise specified A stands for the set {1, n—1, 2, n —
.k, n—k} where 1 <k < ”%1

Theorem 1. [5| Let G = Cay(Z,, A) where A = {I,n —1,2,n —2,...,k,n — k}
1 Further

and n,k are positive integers with 1 < k < "T_l Then v(G) = I

s
D =1{0,2k+1),2(2k +1),3(2k + 1),..., (¢ — 1)(2k + 1)}, where { = [
v-set of G.

s a

Theorem 2. [6] Let n and k be positive integers such that k < "5* and 2k +1 divides

2
n. Then i(G) = 7,(G) = where G = Cay(Zy, A).

Theorem 3. [6] If n, k are positive integers such that k < "% and (2k + 1) does not
divide n, then i(G) =

Theorem 4. [6] Let n and k be positive integers such that k < “==. Then ii(G) =
vi(G) = vy(G) = [%H] where G = Cay(Zn, A).

_n_
2k+17

[2kz+1—‘ :

In this paper, we obtain the value of total and connected domination numbers for
certain circulant graphs and the results are given below.

Theorem 5. Suppose n(> 3) and k are positive integers with 1 < k < "T_l Assume
that n = (¢, — 1)(3k + 1) + h where {; = [525 ] and for some h with 1 < h < k. Let
A={12,...;k,n—k,...,n—1} and G = Cay(Zn, A). Then v(G) =2[5"7] — 1
Theorem 6. Let n(> 3) and k be positive integers with 1 < k < ”T’l and 3k+1 divides
n. Let A={1,2,... . k,n—Fk,....,n—1} and G = Cay(Z,, A). Then v(G) = 2]
Theorem 7. Let n(> 3) be a positive even integer and k is an integer such that
1<k<22 Let A={1,2,...k;n—Fk,....n—1,2 and G = Cay(Z,,A). Then
7(G) = 2|—4k+2-|

Theorem 8. Suppose n and k are positive integers with 1 < k < Tl Let A =
(1,2, hn =k, =1} and G = Cay(Zy, A). Then 7(G) = [*=GED] 4 1.

3k+1—|

Theorem 9 Let n be an even positive integer and k is a positive integer such that
1<k<2t Lee A={1,2,....k,n—Fk,....n—1,%} and G = Cay(Z,, A). Then
Y.(G) = [M1 +9.
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The use of multiple independent spanning trees (ISTs) for data broadcasting in
networks provides a number of advantages such as the increase of fault-tolerance and
bandwidth. Thus the designs of multiple ISTs in several classes of networks have been
widely investigated. In [24], Zehavi and Itai stated two versions of the n independent
spanning trees conjecture. The vertex (edge) conjecture is that any n-connected (n-
edge-connected) graph has n vertex-ISTs (edge-ISTs) rooted at an arbitrary vertex
r. In [14], Khuller and Schieber proved that the vertex conjecture implies the edge
conjecture. Recently, in [10], Hsiech and Tu proposed an algorithm to construct n
edge-ISTs rooted at vertex 0 for an n-dimensional locally twisted cube LT'Q,,, which
is a variant of the hypercube. Since LT'Q),, is it not vertex-transitive, Hsieh and Tu’s
result does not solve the edge conjecture for the locally twisted cube. In the paper,
we confirm the vertex conjecture (and hence also the edge conjecture) for the locally
twisted cube by proposing an algorithm to construct n vertex-ISTs rooted at any
vertex for the LT'Q),,. We also confirm the vertex conjecture (and hence also the edge
conjecture) for the hypercube.
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In [8], Reiner-Stanton-White introduced the following enumerative phenomenon
for a set of combinatorial structures under an action of a cyclic group.

Let X be a finite set, X(¢) a polynomial in Z[g| with the property X (1) = |X|,
and C' a finite cyclic group acting on X. The triple (X, X (q), C) is said to exhibit the
cyclic sieving phenomenon (CSP) if for every ¢ € C,

(X (D)]g=0 = {z € X = cz) = }], (1)

where w is a root of unity of the same multiplicative order as c¢. Such a polynomial
X (¢q) implicitly carries the information about the orbit-structure of X under C-action.
Namely, if X (q) is expanded as X (q) = ag+a1q+---+a,_1¢"""' (mod ¢" — 1), where
n is the order of C', then a; counts the number of orbits whose stabilizer-order divides
k.

Consider the moment curve v : R — RY defined parametrically by ~(t) =
(t,t%,...,t?). For any n real numbers t; < t, < --- < t,, let

P= COﬂV{V(t1)7 7(t2)7 s 7’7(tn)}

be the convex hull of the n distinct points ~(¢;) on 7. Such a polytope is called a
cyclic polytope of dimension d. It is known that the points «(¢;) are the vertices of P
and the combinatorial equivalence class (with isomorphic face lattices) of polytopes
with P does not depend on the specific choice of the parameters ¢; (see [9]).

Let CP(n,d) denote a d-dimensional cyclic polytope with n vertices. Among the
d-dimensional polytopes with n vertices, the cyclic polytope CP(n, d) is the one with
the greatest number of k-faces for all 0 < k < d — 1 (by McMullen’s upper bound,
see [9, Theorem 8.23]). Let fi(CP(n,d)) be the number of k-faces of CP(n,d). These
numbers were first determined by Motzkin [5] but no proofs were given. For a proof
using the Dehn-Sommerville equations, see [3, Section 9.6]. A combinatorial proof was
given by Shephard [7].

Theorem 1. ([7, Corollary 2|) For 1 < k <d, the number fi_1(CP(n,d)) of (k—1)-
faces of CP(n,d) is given by fi_1(CP(n,d)) = Y2, -2 (") (kij) if d is even, or

J=ln—j\ j
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PN EEL (=0 ( j_j) if d is odd, with the usual convention that () =0 if n < m

Moreover, Kaibel and Wafimer [4] derived the automorphism group of CP(n,d).

Theorem 2. ([4]) The combinatorial automorphism group of CP(n,d) is isomorphic
to one of the following groups:

n=d+1 n=d+2 n>d+3
d even Sh Sgwr Z, D,
d odd Sn S[%] X SL%J Zg X Z2

where S, is the symmetric group of order n and D,, is the dihedral group of order n.

Consider the cyclic group C' = Z,, generated by ¢ = (1,2...,n), acting on
CP(n,d) by cyclic translation of the vertices, according to the order on the curve
~v. By Gale’s evenness condition, it turns out that the cyclic group C' is an automor-
phism subgroup of CP(n,d) if and only if either n = d + 1 or d is even. One of the
main results in this paper is to prove the CSP for faces of CP(n,d) for even d, under
C-action. For even d and 1 < k < d, we define

o [0]. .
m—=gleL J J,lk—4],

with the usual convention that [Z]q =0if n <m or m < 0. Clearly, F(n,d, k;1) =
fkfl(CPO”L, d))

Theorem 3. For even d and 1 < k < d, let X be the set of (k—1)-faces of CP(n,d),
let X(q) = F(n,d, k;q) be the polynomial defined in Eq. (2), and let C = Z,, act on X

by cyclic translation of the vertices. Then the triple (X, X(q),C) exhibits the cyclic
sieving phenomenon.

[

F(n,d, k;q) =

—_

j=

For odd d, C is no longer an automorphism group of CP(n,d) for n > d + 2.
Inspired by the work of Kaibel and Wafimer [4], we consider automorphism groups
C" and C" of order 2 of CP(n, d), which are generated by ¢ = (1,n)(2,n—1)--- and
" = (1,n), respectively. In an attempt on proving the CSP, we derive the number of
(k—1)-faces that are C’-invariant (or C"-invariant). However, so far it lacks a feasible
option for the g-polynomial. It is worth mentioning that the natural ¢g-analogue does
not work in this situation.

For the C”-case, one may come up with an artificial polynomial X (q) serving as
the polynomial for the CSP. However, the downside is that the polynomial X(q) is
always of degree 1 and has no good connection with the group C”.

However, In particular, for n = d 4 2, from the automorphism group S(%] X
Sz of CP(n,d), we present two (rather curious) instances of CSP, under the group
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Z(n) (resp. Z» ) that cyclically translates the odd-positioned (resp. even-positioned)

vertices, along with feasible g-polynomials.
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Let G be a graph such that V(G) = {v1,vs,...,v,}. By a distribution of pebbles
on G we mean a function ¢ : V/(G) — N U{0} and for clarity, we use (dy,, Oy, - - -, 0, )
to denote &, where 4, is the number of pebbles distributed on v € V(G). The support
Ss of 0 is defined as the set of vertices v in V(G) such that §, > 0. Therefore the
number of pebbles used in G is Z 0, and denoted by dg.

veS;

A pebbling move consists of removing two pebbles from one vertex and then placing
one pebble at an adjacent vertex. If a distribution ¢ of pebbles lets us move at least
one pebble to each vertex v by applying pebbling moves repeatedly (if necessary), then
J is called a pebbling of G. The optimal pebbling number f'(G) of G is the minimum
number of pebbles used in a pebbling of G. Note here that the pebbling number f(G)
of GG is the minimum number of pebbles k such that any distribution of k& pebbles is
a pebbling of G. See [1, 5] for references.

The problem of pebbling graph was first proposed by J. Lagarias and M. Saks
as a tool for solving a number theoretic problem by Lemke and Kleitman [5]. Since
then, quite a few of work has been done by F. R. K. Chung [1], Guzman, Moews [9],
Pachter [9], Clarke et. al. [2] and Herscovici et. al. [4]. Its dual concept, the optimal
pebbling number of a graph G was first introduced by Pachter [9] and the following
results are notable.

Theorem 1 [9] Let P be a path with 3t 4+ r vertices with 0 < r < 2. Then f'(P) =
2t +r.

In [10], Fu and Shiue extend the study and they find the optimal pebbling number
for the caterpillar.

Theorem 2 [11] For any two graphs G and H, f'(G x H) < f'(G)f'(H).
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Theorem 3 [3] Let Ti" be a complete m-ary tree with height h. Then f'(Tj") = 2"

h h
. 1 1
for each m > 3, and f'(T7) = min{ E 2"y E (28 — g)xz > §~2h+1,x0 € {0,1,2,3}
=0 i=0

and x; € {0,2}, where i = 1,2,...,h}.

Theorem 4 [8] Let Q,, be the hypercube defined by Q,, = Qn_1 X Ko. Then f'(Q,) =
(%)n+0(logn)_

In fact, the upper bound of f/'(Q,) obtained by Moews [8] is as follows.
Corollary 5 [8] f'(Q,) < 2(3)"n”.

In this talk, we present a newly obtained result on hypercubes which improves
this upper bound.
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Abstract

In this paper, we establish two necessary conditions for a joint triangulation
of two sets of n points in the plane and conjecture that they are sufficient.
We show that these necessary conditions can be tested in O(n?) time. For the
problem of a joint triangulation of two simple polygons of n vertices, we propose
an O(n?) time algorithm for constructing a joint triangulation using dynamic
programming.

1 Introduction

Let S be a set of points in the plane. A triangulation of S is a maximal set of line
segments with endpoints in S such that no two segments intersect in their interior. A
triangulation of S partitions the convex hull of S into regions not containing points
in S that are bounded by triangles. Triangulating a set of points in the plane under
various constraints is a well studied problem in computational geometry [1, 5]. Here
we consider the problem of triangulating two sets of points jointly.

Let A ={ai,as,...,a,} and B = {by,bs,...,b,} be two disjoint sets of points in
the plane, specified by their respective # and y coordinates. A line segment b;b; is
called the corresponding line segment of the line segment a;a; and vice versa. Similarly,
a triangle b;b;by, is called the corresponding triangle of a;a;a; and vice versa. Let
T (A) and 7 (B) denote the set of all triangulations of A and B. The problem of joint
triangulation of A and B is to find triangulations T'(A) € T(A) and T(B) € T (B),
if they exist, such that for each region bounded by a triangle a;aja) in T'(A), the
corresponding triangle b;b,;b, bounds a region in T'(B) (see Figure 1). The problem
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Figure 1: The joint triangulation of two sets of points A = {ay,as,...,a3} and B =
{b1,bs,...,bs}.

was posed in 1987 by Saalfeld [6] and it has an application in automated cartography.
Over the last two decades, several researchers have worked on this problem but the
problem is still open.

The above definition of a joint triangulation of A and B needs some clarification.
Consider triangulations T'(A) and T'(B) of point sets A and B respectively, shown in
Figure 2. It can be seen that for every line segment a;a; in T'(A), the corresponding
line segment b;b; is in T'(B) and vice versa. However, the triangle ajasag does not
contain any point of A, whereas the corresponding triangle bybsbg contains points of
B. Thus the triangles bounding the regions are different and we do not consider this
to be a joint triangulation. This gives rise to the definition of a component triangle
as defined by Saalfeld [6]. A triangle in T'(A) or T(B) is said to be a component
triangle of the triangulation if it does not contain any point in its interior. Therefore,
the problem of joint triangulation of A and B is to compute T'(A) and T'(B), if they
exist, such that a triangle a;a;a) is a component triangle in T'(A) if and only if the
corresponding triangle b;b;b; is a component triangle in 7'(B).

In the next section, we propose two necessary conditions for this problem and con-
jecture that they are sufficient. We also present an O(n?) time algorithm for testing
these necessary conditions. If the given set of points A and B satisfy the two neces-
sary conditions, we propose different algorithms for constructing joint triangulations
of A and B in Section 3. The proposed algorithms have been implemented and exper-
imental results suggest that the algorithms correctly construct joint triangulations of
A and B whenever A and B satisfy the two necessary conditions. In Section 4, we
present an O(n?) time algorithm for computing a joint triangulation of two simple
polygons of n vertices. In Section 5, we conclude the paper with a few remarks.
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Figure 2: The triangle ajasag does not contain any point of A, whereas the corre-
sponding triangle bybsbs contains points of B.

2 Necessary conditions

Let CH(A) and C'H(B) denote the boundary of convex hulls of A and B respec-
tively. We state the first necessary condition for the existence of a joint triangulation
of A and B, which relates the edges of CH(A) and CH(B),

Necessary condition 1: If there exists a joint triangulation of A and B, then a;a;
is an edge of CH(A) if and only if the corresponding edge b;b; is an edge of CH(B).

Proof: Assume on the contrary that there is a joint triangulation of A and B and
an edge a;a; is an edge in C'H(A) but the corresponding edge b;b; is not an edge in
CH(B). Since a;a; is an edge of C'H(A), there exists only one component triangle
(say, a;ajay) with a;a; as an edge, in any triangulation of A. On the other hand, we
know that any joint triangulation must include b;b; in the triangulation of B. Since
b;b; is not an edge in C'H(B) by assumption, there are two component triangles (say,
b;b;by, and b;b;b;) with b;b; as an edge, in the triangulation of B. Since the component
triangle a;a;a; is not present in the triangulation of A, this contradicts the definition
of a joint triangulation.

A triangle a;ajay is said to be an empty triangle in A if it does not contain
any point of A in its interior. Let S4 denote the set of all empty triangles in A
whose corresponding triangles in B are empty triangles in B. Let Sg be the set of
triangles corresponding to the triangles in S4. It follows from the definition of a joint
triangulation that only triangles from S, and Sp can be component triangles in a
joint triangulation of A and B. Let a;a;ja, and a;a;a; be two triangles in S4 such that
they lie on opposite sides of their common edge a;a;. If b;b;b; and b;b;b; also lie on
opposite sides of their common edge b;b;, then a;a;a; is a called a successor triangle
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Figure 3: On the edge agar, agarag and agaras are successor triangles. The corre-
sponding triangles bgb;bs and bgbybs are also successor triangles on the edge bgb;

of a;ajay on the edge a;a; and vice versa. Analogously, b;b;b; is also called a successor
triangle of b;b;b, on the edge b;b; and vice versa. In Figure 3, agarag and agaras
are successor triangles on the edge aga; and their corresponding triangles bgb;bs and
bbby are also successor triangles on the edge bgb;. On the other hand, agaras and
asarag are not successor triangles on the edge ayag as ay and ag lie on the same side
of ayag. Since successors of a;aja; and b;b;by, are defined jointly, in what follows, we
say that i5l is a successor triangle of ijk on edge ij and vice versa. Observe that ijk
can have more than one successor triangle on an edge ij. In Figure 3, (2,6, 8), (7,6, 8)
and (3,6,8) are successor triangles of (5,6,8) on the edge (6,8). It is obvious that
there is no successor triangle on any edge of the convex hull.

Intuitively, if a triangle ijk is a component triangle in a joint triangulation, one of
the successors on each edge of ijk that is not a convex hull edge is also a component
triangle in the joint triangulation. Let S denote the maximal subset of triangles in
S4 and Sp such that each triangle ijk in S has at least one successor triangle in S,
on the edges ij, jk and ki that are not convex hull edges. Note that if a triangle ijk
does not have a successor triangle on a non convex hull edge, then ijk can not belong
to S. We call triangles in S as legal triangles and S is called the set of legal triangles.
Now, we state the second necessary condition.

Necessary condition 2: If there exits a joint triangulation of A and B, then the set
of legal triangles S is not empty.

Proof: If there is a joint triangulation of A and B, then every component triangle in
the joint triangulation has a successor triangle on each its non convex hull edges. So,
every component triangle in a joint triangulation is a legal triangle and hence, the set
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of legal triangles S is not empty.

Conjecture: There exists a joint triangulation of A and B if and only if A and B
satisfy the two necessary conditions.

Let us present an algorithm for testing the necessary conditions. The first necessary
condition can be tested by traversing the boundary of the convex hulls of A and B.
Since the convex hulls can be computed in O(nlogn) time [1, 5], the first necessary
condition can be tested in O(nlogn) time.

For testing the second necessary condition, the algorithm starts by computing all
empty triangles in A and B. It has been shown by Dobkin et. al [13] that all empty
triangles in a set of n points in a plane can be computed in time proportional to
the number of empty triangles which can be at most O(n?). So, S4 and Sy can be
computed in O(n?) time.

For every non-convex hull edge 75 of all triangles in S5 and Sp, the algorithm
checks whether there exists two triangles 15k and 75l on the edge ij in S4 as well as
in Sp such that k and [ lie on opposite sides of 7j in both A and B. If ij satisfies this
condition, then there are successor triangles on the edge 7. Otherwise, all triangles
in Sy and Sp with ij as an edge are removed from S, and Spg, and the remaining
two edges of every deleted triangle are pushed into a queue (). For each edge ef in @),
check whether there are successor triangles on ef. If the condition is satisfied, then
ef is removed from the queue. Otherwise, all triangles in S4 and Sp with ef as an
edge are removed from S, and Sp, and the remaining edges of every deleted triangles
are pushed into the queue (). This process is repeated till either S, and Sp become
empty or the queue becomes empty. In the latter case, all remaining triangles in Sy
and Sp have successors on all non-convex hull edges, in which case they form the set
of legal triangles S. Note that that the cost of processing edges in () can be assigned
to deleted triangles which can be at most O(n?). We state the result in the following
theorem.

Theorem 1: Given two sets A and B of n points in the plane, the two necessary
conditions for a joint triangulation of A and B can be tested in O(n?) time.

3 Algorithms for constructing joint triangulations

In this section, we present two algorithms for finding a joint triangulation of A
and B which run in O(n?) time. We assume that the set of legal triangles S has
been computed by the algorithm as mentioned in the previous section. If the set S is
empty, clearly no joint triangulation exists. So, we consider the other case when S is
not empty.

Constructing a joint triangulation of A and B involves finding a subset T of legal
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Figure 4: A joint triangulation of two simple polygons A and B.

triangles in S forming a triangulation in A and the corresponding triangulation in
B. The algorithm uses a greedy method to obtain 7. Initialize S’ = S and T = .
Take any triangle ijk from S’; add it to T" and delete all triangles in .S’ that intersect
the interior of the triangle ijk in either A or B. Repeat this process until S’ becomes
empty. Our claim is that the triangles in 7" form a joint triangulation of A and B. We
have been unable to prove this claim, which would also prove the sufficiency of the
two necessary conditions. On the other hand, we have observed experimentally that

whenever S is not empty, the algorithm always finds a joint triangulation of A and
B.

An alternative algorithm for finding a joint triangulation is as follows. An edge
17 of a triangle is called a legal edge if it is an edge of some legal triangle ijk in S.
Let L denote the set of all legal edges and T" be any maximal subset of L such that
no two edges in 7" intersect in their interior. We have observed that T' gives a joint
triangulation of A and B. Again, we have been unable to prove this claim.

The set of legal triangles and legal edges seem to satisfy some nice properties.
One observation is that two legal triangles ijk and pgr intersect in their interior in A
if and only if they intersect in their interior in B. The same property seems to hold
for legal edges as well. Thus, to find a joint triangulation, it seems sufficient to find
a triangulation of A consisting of only legal edges, or one in which the component
triangles are legal triangles. However, we have been unable to prove any of these
properties.

4 Computing a joint triangulation of two simple
polygons

In this section, we present an O(n?) time algorithm for computing a joint trian-
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Figure 5: Testing the sub-polygon (), 4 for a joint triangulation.

gulation of two simple polygons A = (ay,as,...,a,) and B = (by,bs,...,b,) using
dynamic programming. T'wo points u and v in a simple polygon are said to be visible
if the line segment uw lies totally inside the polygon. Let VG(A) denote the visibility
graph of A, where vertices of A are vertices of VG(A) and two vertices in VG(A) are
connected by an edge if and only if the corresponding vertices in A are visible in A
[3]. The visibility graph VG(B) of B is defined analogously. We have the following
observation (see Figure 4).

Lemma 1: All edges of the triangles in a joint triangulation of A and B must belong
to VG(A) and VG(B) respectively.

Let IVG(A) denote the sub-graph of VG(A) such that an edge a;a; of VG(A)
belongs to IVG(A) if and only if b;b; is an edge of VG(B). Analogously, we define
IVG(B). It follows from Lemma 1 that we have to consider only the edges of IVG(A)
and IV G(B) in a joint triangulation of A and B. Since the visibility graph of a simple
polygon can be computed in time proportional to the number of edges in the visibility
graph, which can be at most O(n?) [30], IVG(A) and IVG(B) can be computed in
O(n?) time.

Let SUB(A) denote the set of all sub-polygons of A (including A itself) that
can be formed by cutting A using only one diagonal of IVG(A). So, the size of
sub-polygons in SUB(A) varies from 3 to n. We use a boolean function M(Q) to
indicate whether a sub-polygon () admits joint triangulation. Since all sub-polygons
of three vertices in SUB(A) (say, @13, @23, - ..) admit joint triangulations as they are
triangles, M (Q13), M(Q23), ... are set to be true. Then the procedure considers sub-
polygons Q1 .4, Q2.4, . . . of SUB(A) having four vertices. Let Q14 = (a;, @11, Giy2, @it3)
(see Figure 5). So, a;a;3 is the diagonal of IV G(A) used to cut A to form @y 4. Let ay,
be a vertex of @14 such that edges a;a and aga; i3 belong to IVG(A). If no such vy
exists, then set M (Q1.4) to false. If ;41 = ay and the triangle (a;+1, a;+2, a;1+3) admits
triangulation found in the previous step, then set M (Qq4) to true. If a;1o = a and
the triangle (a;, a;11, a;12) admits triangulation found in the previous step, then set
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M(Q1.4) to true. Otherwise, set M(Q14) to false.

Similarly, the procedure considers sub-polygons @15, @25, ... of SUB(A) having
five vertices by locating all possible such vertices a;. This process is repeated till the
sub-polygon of size n (i.e., A) is considered. In the following, we state the major steps
of the procedure.

Step 1: Divide A into sub-polygons using diagonals of IV G(A) to form SUB(A);
Step 2: Consider each edge of A as a degenerated triangle; For each edge a;a;y1 do

M (a;a;41) = true;
Step 3: For each sub-polygon @); 3 of size three in SUB(A) do M(Q;3) := true;
size = 4;
Step 4: For each sub-polygon Q); size in SUB(A) do
Step 4.1: If Qjsize = A theni:=1, ¢ :=n, k := 2 and goto Step 4.3;
Step 4.2: Let a;a, be the diagonal used to cut A to form Q; size = (a4, @it1, .. ., ay);
k=141,

Step 4.3: If a;,a;, and a,ay are edges in IV G(A) and two sub-polygons formed by
removing the triangle (a;, ax, a,) from @; 5. admit joint triangulations
then M(Qj size) = true;

Step 4.4: If k #qg— 1 then k := k + 1 and goto Step 4.3;
Step 5: If size # n then size := size + 1 and goto Step 4;
Step 6: If M(A) is true then by backtracking identify diagonals of IV G(A) giving a
joint triangulation else report that there is no joint triangulation.

Step 7: Stop.

Since the procedure uses triangles formed by edges of IVG(A) and IVG(B),
and these triangles are added one at a time (i.e., a;axa,) to verify whether a joint
triangulation exists for the sub-polygons formed by the union of triangles verified so
far, the procedure correctly computes a joint triangulation of A and B if it exists.
Since the number of sub-polygons in SUB(A) can be at most O(n?) and the procedure
can take O(n) time for testing each sub-polygon, the overall time required by the
algorithm is O(n*). We state the result in the following theorem.

Theorem 2: Given two simple polygons A and B of n points, a joint triangulation
of A and B can be constructed in O(n?) time.

5 Concluding remarks

We conclude in this section by mentioning some extensions of the basic problem.
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An immediate extension is to consider finding a joint triangulation of & sets of labeled
points. It is easy to verify that for such a joint triangulation to exist, boundary of
the convex hulls of all sets of points must contain the same edges. Further, the notion
of a successor triangle can be extended to any number of sets of points in a natural
way. A triangle 7jl is a successor of a triangle ijk on the edge ij if and only if it
is a successor in all point sets. Thus we may define the set of legal triangles in an
analogous way. We believe that the same conjecture holds for any number of sets of
points.

Further generalizations are possible by considering triangulations of objects other
than just point sets. In particular, we can consider triangulations of any connected
polygonal region with points and polygonal holes inside. The only difference here is
that a triangle containing an edge of a hole boundary may not have a successor on that
edge. Thus one necessary condition is that the hole boundaries must contain the same
set of edges in all point sets. The definition of a successor triangle and a legal triangle
may be modified accordingly, and the same algorithms can also be used. Again, we
have observed empirically that if the set of legal triangles is not empty, there exists a
joint triangulation, and it may be constructed in the same greedy fashion as for two
point sets.
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1 Introduction

The visibility graph is a fundamental structure studied in the field of computa-
tional geometry, and pose some special challenges [12, 26]. Apart from theoretical
interests, visibility graphs has important applications also. Some of the early appli-
cations include computing Euclidean shortest paths in the presence of obstacles [36]
and decomposing two-dimensional shapes into clusters [40]. For more on the uses of
this class of graphs, see [37, 43]. Let P be a simple polygon with or without holes in
the plane. We say two points a and b in P are mutually visible if the line segment ab
lies entirely within P. This definition allows the segment ab to pass through a reflex
vertex or graze along a polygonal edge. The wvisibility graph (also called the vertez vis-
ibility graph) G of P is defined by associating a node with each vertex of P such that
(vi,v;) is an undirected edge of G if polygonal vertices v; and v; are mutually visible.
Figure 1(b) shows the visibility graph of the polygon in Figure 1(a). Sometimes the
visibility graph is drawn directly on the polygon, as shown in Figure 1(c). It can be
seen that every triangulation of P corresponds to a subgraph of the visibility graph
of P.

Figure 1: (a) A polygon. (b) The visibility graph of the polygon.
(c) The visibility graph drawn on the polygon.

The problem of computing the visibility graph of a polygon P (with or without
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holes) having a total of n vertices is well studied [32, 36, 41]. Asano et al. [6] and
Welzl [49] proposed O(n?) time algorithms for this problem. Since, at its largest, a
visibility graph can be of size O(n?), algorithms of Asano et al. and Welzl are worst-
case optimal. The visibility graph may be much smaller than its worst-case size of
O(n?) (in particular, it can have O(n) edges) and therefore, it is not necessary to
spend O(n?) time to compute it. Hershberger [30] developed an O(FE) time output
sensitive algorithm for computing the visibility graph of a simple polygon. Ghosh and
Mount [28] presented O(nlogn + FE) time, O(E + n) space algorithm for computing
visibility graph of polygon with holes. Keeping the same time complexity, Pocchiola
and Vegter [39] improved the space complexity to O(n).

2 Visibility Graph Recognition, Characterization,
and Reconstruction

Consider the opposite problem of determining if there is a polygon P whose visibil-
ity graph is the given graph G. This problem is called the visibility graph recognition
problem. Identifying the set of properties satisfied by all visibility graphs is called the
visibility graph characterization problem. The problem of actually drawing one such
polygon P whose visibility graph is the given graph G, is called the visibility graph
reconstruction problem.

2.1 Visibility Graph Recognition

The general problem of recognizing a given graph G as the visibility graph of a
simple polygon P is yet to be solved. However, this problems has been solved for
visibility graphs of spiral polygons [18, 19] and tower polygons [9].

Open Problem 1 Given a graph G in adjacency matrix form, determine whether G
18 the wvisibility graph of a simple polygon P.

Open Problem 2 Is the problem of recognizing visibility graphs in NP ¢

Ghosh [24] has presented four necessary conditions for recognizing visibility graphs
of simple polygons under the assumption that a Hamiltonian cycle of the given graph,
which corresponds to the boundary of the simple polygon, is given as input along with
the graph. It has been pointed out by Everett and Corneil [18, 20] that these condi-
tions are not sufficient as there are graphs that satisfy the three necessary conditions
but they are not visibility graphs of any simple polygon. These counterexamples can
be eliminated once the third necessary condition is strengthened. It have been shown
by Srinivasraghavan and Mukhopadhyay [45] that the stronger version of the third
necessary condition proposed by Everett [18] is in fact necessary. On the other hand,



46 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

the counterexample given by Abello, Lin and Pisupati [4] shows that the three neces-
sary conditions of Ghosh [24] are not sufficient even with the stronger version of the
third necessary condition. In a later paper by Ghosh [25], another necessary condition
is identified which circumvents the counterexample of Abello, Lin and Pisupati [4].
Ghosh’s necessary conditions are as follows.

Necessary condition 1. Fvery ordered cycle of k > 4 vertices in a visibility graph
has at least k — 3 chords.

Necessary condition 2. Fvery invisible pair in a visibility graph has at least one
blocking vertex.

Necessary condition 3. There is an assignment in a visibility graph such that no
blocking vertex v, is assigned to two or more minimal invisible pairs that are separable
with respect to v,.

Necessary condition 4. Let D be any ordered cycle of a visibility graph. For any
assignment of blocking vertices to all minimal invisible pairs in the visibility graph,
the total number of vertices of D assigned to the minimal invisible pairs between the
vertices of D is at most |D| — 3.

It has been shown later by Streinu [46, 47] that these four necessary conditions
are also not sufficient. It is not clear whether another necessary condition is required
to circumvent the counter example.

Open Problem 3 Given a graph G in adjacency matrix form along with a Hamil-
tonian cycle of G, determine whether G is the visibility graph of a simple polygon P
whose boundary corresponds to the given Hamiltonian cycle.

2.2 Visibility Graph Characterization

Let us state some results on the problems of characterizing visibility graphs for
special classes of simple polygons. The earliest result is from ElGindy [17] who showed
that every mazimal outerplanar graph is a visibility graph of a simple polygon, and he
suggested an O(nlogn) algorithm for reconstruction. If all reflex vertices of a simple
polygon occur consecutively along its boundary, the polygon is called a spiral poly-
gon. Everett and Corneil [18, 19] characterized visibility graphs of spiral polygons by
showing that these graphs are a subset of interval graphs which lead to an O(n) time
algorithm. Choi, Shin and Chwa [9] characterized funnel-shaped polygons, also called
towers, and gave an O(n) time recognition algorithm. Visibility graphs of towers are
also characterized by Colley, Lubiw and Spinrad [10] and they have shown that visi-
bility graphs of towers are bipartite permutation graphs with an added Hamiltonian
cycle. If the internal angle at each vertex of a simple polygon is either 90 or 270 de-
grees, then the polygon is called a rectilinear polygon. If the boundary of a rectilinear
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polygon is formed by a staircase path with two other edges, the polygon is called a
staircase polygon. Visibility graphs of staircase polygons have been characterized by
Abello, Egecioglu, and Kumar [1]. Lin and Chen [34] have studied visibility graphs
that are planar.

For the characterization of visibility graphs of arbitrary simple polygons, Ghosh
has shown that visibility graphs do not possess the characteristics of perfect graphs,
circle graphs or chordal graphs. On the other hand, Coullard and Lubiw [11] have
proved that every triconnected component of a visibility graph satisfies 3-clique or-
dering. This property suggests that structural properties of visibility graphs may be
related to well-studied graph classes, such as 3-trees and 3-connected graphs. Everett
and Corneil [18, 20] have shown that there is no finite set of forbidden induced sub-
graphs that characterize visibility graphs. Abello and Kumar [2, 3] have suggested
a set of necessary conditions for recognizing visibility graphs. However, it has been
shown in [25] that this set of conditions follow from the last two necessary conditions
of Ghosh.

Open Problem 4 Characterize visibility graphs of simple polygons.

2.3 Visibility Graph Reconstruction

Let us mention some of the approaches on the visibility graph reconstruction
problem. It has been shown by Everett [18] that visibility graph reconstruction is in
PSPACE. This is the only upper bound known on the complexity of the problem.
Abello and Kumar [3] studied the relationship between visibility graphs and oriented
matroids, Lin and Skiena [35] studied the equivalent order types, and Streinu [46, 47|
and O’Rourke and Streinu [38] studied psuedo-line arrangements. Everett and Corneil
[18, 20] have solved the reconstruction problem for the visibility graphs of spiral
polygons and the corresponding problem for the visibility graph of tower polygons
has been solved by Choi, Shin and Chwa [9]. Reconstruction problem with added
information has been studied by Coullard and Lubiw [11], Everett, Hurtado, and Noy
[21], Everett, Lubiw, and O’Rourke [22], Jackson and Wismath [31].

Open Problem 5 Given the wvisibility graph G of a simple polygon, draw a simple
polygon whose visibility graph is G.

3 Graph Theoretic Problems on Visibility Graphs

3.1 Hamiltonian Cycle in Visibility Graphs
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A Hamiltonian cycle is a cycle in an undirected graph which visits each vertex
exactly once and also returns to the starting vertex. The Hamiltonian cycle problem
is to determine whether a Hamiltonian cycle exists in a given graph G. Observe
that G may contain several Hamiltonian cycles, and G may be visibility graph for a
Hamiltonian cycle and is not a valid visibility graph for another Hamiltonian cycle in

G.

Open Problem 6 Given the visibility graph G of a simple polygon P, determine the
Hamiltonian cycle in G that corresponds to the boundary of P.

3.2 Minimum Dominating Set in Visibility Graphs

A dominating set for a graph G = (V| E) is a subset D of V such that every
vertex not in D is joined to at least one member of D by some edge. The minimum
dominating set problem in visibility graphs corresponds to the art gallery problem in
polygons which has been shown to be NP-hard [33, 35]. Following the approximation
algorithm for the art gallery problem for polygons given by Ghosh [23], a minimum
dominating set of visibility graph can be computed with an approximation ratio of

O(logn).

Open Problem 7 Design a constant factor approximation algorithm for computing
manimum dominating set of visibility graphs.

3.3 Maximum Hidden Set in Visibility Graphs

An independent set is a set of vertices in a graph no two of which are adjacent.
Independent sets in visibility graphs are known as hidden vertex sets. Shermer [42]
has proved that the maximum hidden vertex set problem on visibility graphs is also
NP-hard. However, the problem may not remain NP-hard if the Hamiltonian cycle
corresponding to the boundary of the simple polygon is given as an input along with
the visibility graph. With this additional input, Ghosh, Shermer, Bhattacharya and
Goswami [29] have shown that it is possible to compute in O(ne) time the maximum
hidden vertex set in the visibility graph of a very special class of simple polygons
called convex fans, where n and e are the number of vertices and edges of the input
visibility graph of the convex fan respectively. Hidden vertex sets are also studied by

Eidenbenz [14, 15], Ghosh et al. [27] and Lin and Skiena [35].

Open Problem 8 Given the visibility graph G of a simple polygon P along with the
Hamiltonian cycle in G corresponding to the boundary of P, determine the maximum
hidden set of GG
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Open Problem 9 Design an approximation algorithm for computing maximum hid-
den set of visibility graph.

3.4 Maximum Clique in Visibility Graphs

A clique in a graph is a set of pairwise adjacent vertices. The problem of computing
the maximum clique in the visibility graph is not known to be NP-hard. Observe that
the maximum clique in a visibility graph corresponds to the largest empty convex
polygon inside the corresponding polygon. Algorithms for computing largest empty
convex polygons has been reported by several authors [8, 13, 16]. However, for each of
these algorithms, the input is either a polygon [16] or a point set [8, 13]. Spinrad [44]
has discussed possible approaches for computing maximum clique using the notion of
triangle-extendible ordering which is essentially a transitive orientation of the graph.

Open Problem 10 Given a visibility graph G in adjacency matrix form, compute a
maximum clique of G.

Open Problem 11 Determine whether a set of vertices of a visibility graph has a
triangle-extendible ordering in polynomial time.

If the Hamiltonian cycle in a visibility graph corresponding to the boundary of the
polygon is given along with the visibility graph as an input, Ghosh, Shermer, Bhat-
tacharya and Goswami [29] have presented an O(n?e) time algorithm for computing
the maximum clique in the visibility graph G of a simple polygon P. Here n and e
are number of vertices and edges of G respectively.

4 Counting Visibility Graphs

Two graphs G = (Vi, 1) and Gy = (V3, Ey) are isomorphic if and only if there
is a bijection f that maps vertices of V; to the vertices of V5 such that an edge
(v,w) € Ej if and only if the edge (f(v), f(w)) € Es. It has been shown [26] that
the number of non-isomorphic visibility graphs of simple polygons of n vertices is at
least 2"~%. On the other hand, a straight forward application of Warren’s theorem
[48] shows that the number of visibility graphs is at most 20(°sn) [44].

Let G; and G5 be the visibility graphs of simple polygons P, and P, respectively.
Let Cy (or Cy) denote the Hamiltonian cycles in G (respectively, Gs) that corresponds
to the boundary of P; (respectively, P,). Polygons P; and P, are called similar if and
only if there is a bijection f that maps adjacent vertices on the boundary of P; to that
of boundary of P, such that f(G1) = Go [35]. It has been shown [7] that similarity of
P, and Py, each of n vertices, can be determined in O(n?) time. Therefore, given G
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and Gy along with € and Cs, the corresponding visibility graph similarity problem
can also be solved in O(n?) time. It has been shown by Lin and Slkiena [35] that two
simple polygons with isomorphic visibility graphs may not be similar polygons.

5 Representing Visibility Graphs

Although the most natural form of representation for visibility graphs would be
to use coordinates of the points, this is not useful if we are looking for a space
efficient representation. Lin and Skiena [35] have proved that visibility graphs require
endpoints to have exponential sized integers. However, it is not known whether singly
exponential sized integers are sufficient. It is important because if we could guarantee
that the number of bits in the integer is polynomial, then visibility graph recognition
is in NP [44].

Open Problem 12 Can all endpoints of a visibility graph be assigned integer coor-
dinates such that the integers use a polynomial number of bits?

A natural form of storage is studied by Agarwal et al. [5] which uses a relatively
small number of bits to store a visibility graph. However, the representation is neither
space optimal, nor adjacency information can be retrieved in constant time. However,
it is the most significant reduced space representation which is currently known. The
authors consider the problem of representing a visibility graph as a covering set of
cliques and complete bipartite graphs so that every graph in the set is a subset of G,
and every edge is contained in at least one of the graphs of the covering set. Their
proposed algorithm constructs a covering set which has O(nlog®n) bits. It can be
shown that any covering set requires €(nlog®n) bits on some visibility graphs [44].
Given this gap between upper and lower bounds on this natural form of representation,
we have a number of problems.

Open Problem 13 Give a tight bound (with respect to order notation) on the num-
ber of bits used in an optimal covering set of a visibility graph.

Open Problem 14 Find a covering set which matches the above bound in polyno-
maal time.
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On the equitable colorings of Kneser graphs
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An m-coloring of a graph G is a mapping f : V(G) — {1,2,...,m} such that
f(z) # f(y) for any two adjacent vertices z and y in G. A graph G is m-colorable if it
admits an m-coloring. The chromatic number x(G) of G is the minimum number m
such that G is m-colorable. The well-known Brooks’ Theorem is stated as following.

Theorem 1[1]. Suppose G is a graph different from a complete graph and an odd
cycle. Then x(G) < A(G).

An equitable m-coloring of a graph G is an m-coloring such that any two color
classes differ in size by at most one. A graph G is equitably m-colorable if it admits
an equitable m-coloring. The equitable chromatic number x—(G) of G is the minimum
number m such that G is equitably m-colorable. One can also consider the minimum
number m such that G is equitably r-colorable for all » > m. Such a number m
is called the equitable chromatic threshold of G, denoted by x*(G). It is clear that
X(G) < x=(G) < x“(G). Since x(G) < x=(G), Meyer then posed the following
conjecture which, if true, is stronger than the Brooks’ Theorem.

Conjecture 1 [11]. Suppose G is a connected graph different from a complete graph
and an odd cycle. Then x—(G) < A(G).

One well-known result of Hajnal and Szemerédi, when rephrased in terms of the
equitable colorability, has already been shown as follows.

Theorem 2 [4, 5]. A graph G, not necessary connected, is equitably m-colorable if
m > A(G) + 1.

Theorem 2 says that x—(G) < x*(G) < A(G) + 1 for all graphs G. Since the
graphs G that require at least A(G) + 1 colors to color the vertices equitably are
complete graphs and odd cycles, Chen, Lih and Wu put forth the following.

Conjecture 2 [3]. (Equitable A-Coloring Conjecture) A connected graph G is eq-
uitably A(G)-colorable if and only if G is different from the complete graph K, the
odd cycle Cy,41 and the complete bipartite graph Koy, 412541 for all n > 1.



56 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

They also verified this conjecture for a graph with A(G) > |V2 or A(G) < 3.
Yap and Zhang[1] obtained a finer bound when ‘V(G > A(G) > ‘V(G)‘ + 1. Moreover,
some particular cases have been studied, such as trees[", 2], blpartlte graphs(9], d-
degenerate graphs[7, 8] and planar graphs[6, 12, 13]. However, Conjecture 1 and
Conjecture 2 are still open in general.

For n > 2k + 1, the Kneser graph KG(n,k) has the vertex set consisting of all
k-subsets of an n-set. Two distinct vertices are adjacent in KG(n, k) if they have
empty intersection as subsets. The Odd graph Oy, is the Kneser graph KG(2k + 1, k).
The chromatic number of KG(n, k) was obtained by Lovész.

Theorem 3 [10]. x(KG(n,k)) =n — 2k + 2.

Since KG(n,1) = K,, it is easy to see that x(KG(n,1)) = x=(KG(n,1)) =
X2(KG(n,1)) = n. In this talk, we study the equitable colorings of KG(n,k) for
k > 2. Mainly, we obtain the following results.

Theorem 4. Suppose that m > n — k + 1. Then KG(n, k) is equitably m-colorable,
that is, x—(KG(n,k)) < x2(KG(n,k)) <n —k+ 1.

Theorem 5. If L%J>a2(n k)=C(n—1,k—1)—C(n—k—1,k—1)+1, then

X=(KG(n, k) = x_(KG(n, k) =n—k+ 1.
Theorem 6. For n > 5,

n—1 ifn>7,

X=(KG(n,2)) = XL(KG(n,2) = { n—2 ifn=>5or6.

Theorem 7. For n > 7,
n—2 ifn > 16,
X=(KG(n,3)) = x.(KG(n,3)) =< n—3 if 14 <n <15,
n—4 if7<n<13.
Theorem 8. x(Oy) = x=(0) = x*(O) =3 for k > 1.
We conclude this talk by posing the following conjecture.
Conjecture 3. Is it true that x_(KG(n,k)) = x2(KG(n, k)) for k > 27
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Let X be a finite set and I" be a family of subsets of X. We denote by H = (X, TI)
the hypergraph having X as the set of vertices and I' as the set of hyperedges. A
subset T C X such that T E # () for any hyperedge F is called a cover of the
hypergarph H. The minimum size of a cover of an hypergraph H is denoted by 7(H).
An upper bound for 7(H) was given by Lovéasz [9]:

| X
H<< ——
T( ) T minger ‘E’

(1+1InA),

where A = max,ex [{F : E € " with z € E}|.

An equivalent statement in terms of the block-point incidence matrices of the
corresponding hypergraphs was given by Stein [10] independently. It was called the
Stein-Lovasz Theorem in [6] while dealing with the covering problems in coding the-
ory. The Stein-Lovész theorem was first used in dealing with the upper bounds for the
sizes of (k, m,n)-selectors [2]. Inspired by this work, it was also used in dealing with
the upper bound for the sizes of (d, r; z]-disjunct matrices [5]. Some more applications
can also be found in [8]. The notion of (k, m,n)-selectors was first introduced by de
Bonis et al. in [2], followed by a generalization to the notion of (k,m, ¢, n)-selectors

[3].
Theorem [8] Let A be a (0,1) matrix with N rows and M columns. Assume that

each row contains at least v ones, and each column at most a ones. Then there exists
an N x K submatrix C' with

K<+ (Dma< M +ma)

such that C' does not contain an all-zero row.

The greedy procedure as shown in the proof provides the desired submatrix one
column at a time, and hence the algorithm below follows.

Algorithm: STEIN-LOVASZ(A)
input: A is an N x M matrix, each column has at most a ones, each row has at least
v ones
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C—0

while A has at least one row

do find a column ¢ in A having maximum weight
delete all rows of A that contain a “1” in column ¢

delete column ¢ from A
output: Returns a submatrix of A with no all-zero row

The Stein-Lovéasz theorem can be further extended from rows with weight at least
1 to the case of rows with weight at least z > 1. The bound can be further improved
when M is a matrix with constant row weight and column weight as well, i.e., in the
language of hypergraphs, uniform and regular.

At each state, a new column is added to the submatrix that maximizes the num-
ber of “new” rows that are yet uncovered. When all rows are covered, the algorithm
stops. It seems quite interesting that we can use the Stein-Lovasz Theorem to derive
bounds for some combinatorial array. If the entries of 1 occur in a binary matrix
of order N x M as uniformly as possible, for example, v-uniform and a-regular, an
upper bound for K is found so that the submatrices of order N x K will share similar
property too.

Main Theorem Let A be a (0,1) matrix of order N x M, and let a, v, z be positive
integers. Assume that each row contains exactly v ones, and each column exactly a
ones. Then there exists a submatrix C' of order N x K with

v M
K < oy e z(T)(l +1Ina),

such that each row of C' has weight at least z. More specifically, if the matrix is
v-uniform and a-regular, the upper bound can be reduced to

K < z(%)(l +1Ina).

The strategy for the proof is as follows:

1. Use the Stein-Lovész Theorem to obtain a submatrix C; with each row weight
at least 1.

2. Choose some columns in the matrix A\C} to combine with the submatrix C
to form a submatrix C; with each row weight at least 2.
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3. Choose some columns in the matrix A\Cy to combine with the submatrix Cs
to form a submatrix C'5 with each row weight at least 3.

4. Step by step, and finally we obtain the desired submatrix C' = C, with each
row weight at least z.

Note that this upper bound makes sense only if ;—Z—;5 2(M)(1+1na) < M, ie,

z < 59EL in general, or if () (1+1na) < M, ie, z < 5o for the case of uniform

and regular.

For the case of uniform and regular, the main theorem is restated in the language
of hypergraphs in the following corollary. A z-cover is a subset C' of X such that
|C( E| > z for any hyperedges E. Let 7,(H) be the minimum size over all z-covers
of the hypergraph H.

Corollary Let H = (X,I') be a v-uniform and a-regular hypergraph with vertex
set X and edge set I', then 7,(H) < z%(l +1Ina).

We conjecture that 7,(H) < z71(H) holds for hypergraphs which are uniform and
regular. However, it need not be true in general as shown in the following example. For
the hypergraph with where X = {1,2,3,...,8} and I' = {{1, 2,3}, {4,5,6},{1,7,8} }.
It is easy to see that {1,4} is a 1-cover with minimum size, hence 71 (H) = 2. Similarly,
{1,2,4,5,7} is a 2-cover with minimum size, hence 75(H) = 5. This shows that
(H)=5>2-2=2n(H).

The extended Stein-Lovéasz theorem will be used in dealing the upper bound for
the sizes of (d, s out of r; z]-disjunct matrices and (k, m,c, n; z)-selectors. It in turn
provides a few upper bounds for the sizes in various models with specific parameters.
Those upper bounds for the sizes of uniform splitting systems, uniform separating
systems, cover designs and lotto designs are given respectively.

Most of these bounds are roughly the same as those derived by the basic prob-
abilistic method including the Lovéasz Local Lemma. Thus, due to its constructive
nature, the Stein-Lovasz theorem can be regarded as a de-randomized algorithm for
the probabilistic methods. The relationship between the extended Stein-Lovasz the-
orem and the Lovasz Local Lemma deserve further study.
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In 1965, Fulkerson and Gross [4] showed that any chordal graph on n vertices has at
most n maximal cliques. Since then several more classes of graphs have been identified
which contain p(n) number of maximal cliques, where p(n) denotes a polynomial in n;
see [1, 2, 3, 5, 6]. It follows that the “clique number decision problem” for these graphs
can be solved in polynomial time, while for a general class of graphs this problem is
known to be N P-complete.

In this paper, we derive a decomposition theorem for the class of { P,U Ps, Cy }-free
graphs by using the well known concept of expansion of graphs.

Let G be a graph on n vertices vy, vs, ..., v,, and let Hy, Hs, ..., H, be any n vertex
disjoint graphs. Then an ezpansion G(Hy, Hs, ..., H,) of G is the graph obtained from
G by

(i) replacing the vertex v; of G by H;, i =1,2,...,n, and
(ii) joining the vertices z € H;, y € H; iff v; and v; are adjacent in G.
An expansion is also called a composition; see [7].

Theorem 1. If G is a connected { Py, U P3, Cy}-free graph, then G is either chordal
or there exists a partition (Vy,Va,V3) of V(G) such that (i) V1] = K&, for some
m >0, (i) [Va] = K, for some t > 0, (iii) [V3] is isomorphic to a graph obtained
from one of the graphs shown in Figure 1, by expanding each vertex indicated in circle
by a complete graph (of order > 1) and each vertex indicated in square by a complete
graph (of order > 0), (iv) [Vi,V3] =0, and (v) [V, V3 \ S| is complete (see Figure 1
for the set S).

Corollary 1. If G is a { P,U P3, Cy }-free graph, then there exists a vertex v such that
[N[v]] is chordal.

Using Theorem 1, we show the following results.

Theorem 2. There exists an O(nm) algorithm to recognize a { Py U Ps, Cy}-free graph.

Theorem 3. If G is a {Py U P3,Cy}-free graph, then x(G) < [5(,04(1(;)—‘.
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Theorem 4. If G is a {P, U P3,Cy}-free graph, then G has at most n + 5 mazimal
cliques. The upper bound is attained if and only if G' is the Petersen graph.

Using Corollary 1, we have the following.
Theorem 4. If G is a { P,UPs, Cy}-free graph, then there exists an O(n*m) algorithm

to generate all the mazimal cliques in G.

If every vertex in a graph G belongs to at most & maximal cliques, then G has
at most — maximal cliques. So, we deduce the following result for a class of graphs
which is larger than the class of graphs of Theorem 4.

2
5
Theorem 5. If G is a {K, + (P, U P3), Ky + Cy}-free, then G has at most non

maximal cliques.
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The problem of finding the maximum matching for a graph is a well-studied
problem in graph theory for which efficient algorithms have been developed for both
bipartite graphs as well as general graphs [1, 2]. In addition, the mazimum fractional
matching problem, a relaxed version of the general matching problem, allows edges to
exist “fractionally” in the matching [3, 4, 5].

In this abstract, we present a combinatorial algorithm for a variant of the Max-
imum Matching Problem which allow negative edge values and arbitrary capacities
on the vertices. We solve the proposed problem, called the Unconstrained Fractional
Matching Problem, by characterizing the optimal solution to the dual of the restricted
primal (DRP) and give a combinatorial algorithm for solving the DRP.

The primal-dual algorithm [7] relies on the relationship between a given linear
program P and its dual D. Starting with a feasible solution 7 for the dual D, the
primal-dual algorithm works towards feasibility in the primal. When the objective
function values of feasible solutions for P and for D are equal, then we have an
optimal solution to the primal-dual pair. The primal (Pyg,) and dual (Dygy,) linear
programs for the unconstrained fractional matching problem are given below:

MINIMAILZE Z Cuy (Pufm)
ueV
subject to  x,+x,=1 VY(u,v)EE
Ty >0 YueV
maxrimize Z Te (Dufm)
eckE

subject to Z Te < Cy YueV
e€E(u)
Te 2 0 Vec I/
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For a feasible solution 7 for (Dysm), a set J of “tight vertices” is defined as follows:

J=<Su: Z Te = Cy

e€E(u)

For the complementary slackness conditions to be satisfied, for each j ¢ J, we
must fix the corresponding z; to be 0. Furthermore for each j € J, the corresponding
primal variable x; can be set to an arbitrary value. The restricted primal (RPugm)
tells us how far we are from satisfying the constraints in the the primal.

minimize Z Se (RPum)
c€E
subject to Tu+ Ty + 8. =1 V(u,v) € E
Se > 0 Veec F
Ty >0 Yu e J
x, =0 Yu & J

where s, is a slack variable for edge e.

The final part of the primal-dual algorithm requires us to look at the dual of the
restricted primal (DRP gy ):

mazximize Z e (DRPyfm)
ecElR
subject to Z Te <0 Yue J
e€E(u)
e 2 0 Yee FE
T, <1 Veec F

An optimal solution 7 for (DRPyg,) will allow us to find a multiplying factor ¢

with which 7 needs to be multiplied to improve the original solution 7. The new dual
solution 7* is now:

Tt =n4+ 07

where

f = min

ugJ, w(u)>0 _
> T
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After each iteration of the primal-dual algorithm, at least one vertex u will enter the
set J while all others in J remain in the set. Hence, the problem of finding an optimal
solution to the unconstrained fractional matching problem (Dyg,) can be reduced to
finding an optimal solution to an instance of (DRPugy).

Next we present some notation:

Saturated and unsaturated vertices:
Given a feasible solution 7 to the dual problem, a vertex u is unsaturated with respect

Z T, < Cy.

e€E(u)

to m if

On the other hand, a saturated vertex u with respect to w has the property that

g Mo = Cy.

e€E(u)

Saturated and unsaturated edges:
Given a feasible solution 7 to the DRP, an edge e is unsaturated with respect to 7 if
T. < 1. lf 7. = 1, edge e is saturated with respect to .

Augmenting path (lasso):

An augmenting path (lasso) P (uq,eq, us, €, ..., Uy, €, ugy1) of length ¢ with respect to
a feasible solution T is a sequence of vertices and edges such that each vertex wu; is
connected to u;yq through edge e; in the graph G (for i € [t]). An augmenting path
(lasso) P has the following properties:

P is odd in length (t = 2k + 1 for some integer k)
P begins and ends at unsaturated vertices u; and u;,, with respect to .

All intermediate vertices uo, ..., u; are saturated with respect to .

W=

All odd edges in P (eg,es,es...) are unsaturated with respect to 7. In other
words, Te,, , < 1 (i € [HL]).

If vertices in P are pairwise distinct then P is an augmenting path; otherwise, it is an
augmenting lasso.

The main result of this paper is a combinatorial algorithm for finding an optimal
solution to the DRP of the unconstrained fractional matching problem. The proof
uses the characterization in Theorem 1 whose proof is similar to the proof in [6].

Theorem 1 (Correctness Theorem) Let T be a feasible solution to an instance of
(DRPysm) found by repeatedly finding augmenting paths/lassos and augmenting them
starting at an initial solution of @ = 0. Then, T is optimal if and only if there does
not exists an augmenting path/lasso with respect to (w,T) in the graph G.
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Given a general graph G(V, E), we first construct a bipartite graph GZ(Vy, V,, EP)
suchthat Vi = {v; : v eV}, Vo ={vy : v € V}and BB = {(uy,v9), (ug,v1) : (u,v) €
E}. Furthermore, define c¢(u;) = c¢(ug) = c(u) for all uy(uz) € Vi(Va). Given a general
graph G, and its corresponding bipartite reduction G2, the set of feasible assignments
of edge values 7% to GP has a one-to-one mapping onto the set of feasible assign-
ments of edge values 7 to G. Constructing G from the general graph G eliminates
any possibility of augmenting lassos. Here we omit the details of how to update the
values on edges in G given the values on edges in G?.

Next we derive an algorithm for solving an instance of (DRP gy, ). This algorithm
works in phases, similar to the Hopcroft and Karp algorithm for bipartite matching [1].
Using alternating breadth first search on the bipartite graph G?(Vy, V5, EP) starting
from the set of saturated vertices J? we discover a maximal set of unsatured edge
disjoint augmenting paths of the shortest length in a phase. All these paths are
augmented simultaneously. If an augmenting path cannot be found, then by Theorem
1, we are at an optimal solution to (DRPg,). We omit the proofs but it can be shown
that the number of phases is at most O(y/|E|) and each phase takes at most O(|E|)
time. Also the total number of times DRP needs to be solved is O(|V]). Therefore,
the running time of the algorithm is O(|V||E|2); an improvement over other naive
implementations which run in O(|V||E|?) time.
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Global defensive alliances in double-loop networks
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We are acquainted with alliance by referring to [3] and [6]. A defensive alliance
in graph G = (V, E) is a set of vertices S C V satisfying |N[v]NS| > |N(v)N(V —9)|
for any v € S, N(v) = {u : wv € E}, and N[v] = N(v) U {v}. Because of such an
alliance, the vertices in S, agreeing to mutually support each other, have the strength
of numbers to be able to defend themselves from the vertices in V' — S. A defensive
alliance S is called global if N[S] = V. The global alliance number ~,(G) is the
minimum cardinality of an alliance of G that is also a dominating set of G. The
graphs which has been studied with global alliance are K,,, K, s, P,, C, and S, ;.
In [3]7 ’Ya(Kn) = L%Jv fVa(Kl,s) = L%J + 1, and ’Ya(Kr,s> = L%J + L%J if r,s > 2.
Moreover, the global alliance problem is N P-complete for general graphs [2].

A double-loop network ﬁ(n, a,b)[7] can be viewed as a directed graph with n
vertices 0,1,2,...,(n — 1) and 2n directed edges of the form i — i + a (mod n) and
i — i+ b (mod n), referred to as a-links and b-links. In this E}k, any reference to
DL(n;a,b) will mean an underlying graph of a directed graph DL(n;a,b). Therefore,
we have DL(n;a,b) =2 DL(n;n — a,b) = DL(n;a,n —b) =2 DL(n;n — a,n — b).

Lemma 1 [fged(n,a) =1 orged(n,b) =1, then DL(n;a,b) = DL(n;1,k) for some
k.

Lemma 2 [f ged(n,a,b) = d then DL(n;a,b) is the disjoint union of d graphs which

are all isomorphic to DL(%; 4, s)

By the definition of v,(G), we have the fact that if G is the disjoint union of Gy
and Go, then v,(G) = 7,(G1) + 7.(G2). Lemma 1, 2 and the above fact lead us to
study 7,(G) with G = DL(n; 1, k). We determine the value of the global defensive
alliance number in DL(n; 1,2), DL(n;1,3), DL(3n;1,3k), and DL(n; 1, [§]). Finally,
we research into the relation between v,(G) and integer programming for G being a
k-regular graph.

[3("_7“)1, n=10 and n =1 or2 (mod 7);
Theorem 3 7,(DL(n;1,2)) =

3[2], otherwise.
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n=11andn =0 or1 (mod 3);
Theorem 4 v,(DL(n;1,3)) =

—
w3 w3
J

|

141, otherwise.
Theorem 5 7,(DL(3n;1,3k)) = n.

Ya(DL(n;1,2)),  n is odd;
Theorem 6 ~,(DL(n;1,[5])) =< [5]+1, n =6k +2 and k is even;

—
w3
JRa

, otherwise.
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Let G be a graph with vertex set V(G) and edge set E(G). A proper k-edge-coloring
is a mapping ¢ : E(G) — {1,2,...,k} such that ¢(e) # ¢(€') for any two adjacent
edges e and €'. Let Cy(v) = {o(zv) | zv € E(G)} denote the set of colors assigned
to edges incident to the vertex v. A proper k-edge-coloring ¢ of G is adjacent vertex
distinguishing, or a k-avd-coloring, if Cy(u) # Cy(v) whenever u and v are adjacent
vertices. The adjacent vertex distinguishing chromatic indez, denoted X/ (G), is the
smallest integer k such that G has a k-avd-coloring. Adjacent vertex distinguishing
colorings are variously known as adjacent strong edge coloring [5] and 1-strong edge
coloring [1]. Note that an isolated edge has no avd-coloring and a k-avd-coloring can
be regarded as an m-avd-coloring for any m > k.

The chromatic index x'(G) of a graph G is the smallest integer k& such that G has
a proper k-edge-coloring. Evidently, \/(G) > x'(G). Let A(G) denote the maximum
degree of G. The well-known Vizing Theorem [4] asserts that A(G) < ¥'(G) < A(G)+
1 for every graph G. In contrast, there exist infinitely many graphs G such that
X, (G) > A(G) + 1. For instance, it is proved in [5] that, if n # 0 (mod 3) and n # 5,
then the cycle C,, satisfies x,(C,) = 4 = A(C,,)+2. However, x.,(C5) =5 = A(C5)+3.

Zhang, Liu, and Wang [5] completely determined the adjacent vertex distinguish-
ing chromatic indices for paths, cycles, trees, complete graphs, and complete bipartite
graphs. Based on these examples, they proposed the following conjecture.

Conjecture 1. If G is a connected graph with at least 6 vertices, then X, (G) <
A(G) +2.

Balister, Gy6ri, Lehel, and Schelp [2] established the following three theorems.
Theorem 1 If G is a graph without isolated edges and A(G) = 3, then X, (G) < 5.
Theorem 2. If G is a bipartite graph without isolated edges, then X' (G) < A(G)+2.

Theorem 3. If G is a graph without isolated edges and the chromatic number of G
is k, then x'(G) < A(G) + O(log k).

The following bound proved by Hatami [3] is better than Theorem 3 for graphs
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with extremely large chromatic numbers.

Theorem 4. If G is a graph without isolated edges and A(G) > 10%°, then X, (G) <
A(G) + 300.

In this paper, we prove Conjecture 1 for the following case.

Theorem 5. If G is a plane graph without isolated edges whose girth g(G) > 6, then
XL (G) <A(G) + 2.

Our proof proceeds by reductio ad absurdum. Assume that G is a counterexample
to the theorem whose |V(G)| 4+ |E(G)| is the least possible. We are going to ana-
lyze the structure of G with a sequence of auxiliary lemmas. Then we will derive a
contradiction using the discharging method.

Lemma 1. No vertex of degree 2 is adjacent to a leaf.

Lemma 2. [f the degree dg(v) of v in G is at least 3, then there are at least three
neighbors of v that are not leaves.

A path xoxy - xpresr of length k£ + 1 in G is called a k-chain if dg(zg) > 3,
dg(xpy1) > 3, and dg(z;) =2 for all i = 1,2,... k.

Lemma 3. There does not exist any k-chain if k > 3.

Lemma 4. There exists no edge xy with dg(x) = 2 and Dg(y) = 3, where Dg(y)
denotes the number of neighbors of y that are not leaves.

Lemma 5. There does not exist a vertex v with neighbors vi,ve, ..., vk, k > 4,
such that dg(v1) = dg(ve) = 2, dg(vs) > 2, da(vs) > 2, and dg(v;)) = 1 for all
1=25,6,...,k.

Lemma 6 There does not exist a vertex v with neighbors vy, ve, ..., vk, k > 5, such
that dg(v1) = dg(ve) = dg(vs) = 2, dg(vs) > 2, dg(vs) > 2, and dg(v;) = 1 for all
i=6,7,...,k.

Lemma 7. There does not exist a face f = [x1x9 - - 26| such that dg(z;) = 2 for all
x; except x1 and x4.

Let H be the graph obtained by removing all leaves of G. Then H is a connected
proper subgraph of G. It follows from Lemmas 1 and 2 that, for every v € V(H),
dg(v) > 2 and dy(v) = dg(v) if 2 < dg(v) < 3.

Using >,y gy du(v) = 3 jepiay du(f) = 2|E(H)| and Euler’s formula [V (H)| —
|E(H)|+ |F(H)| = 2, we can derive the following identity.
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We define a weight function w by w(v) = 2dg(v) — 6 for v € V(H) and w(f) =
du(f)—6 for f € F(H). It follows from the above identity that the sum of all weights
is equal to —12. We will design appropriate discharging rules and then redistribute
weights accordingly. Once the discharging is finished, a new weight function w’ is
produced. The sum of all weights is kept fixed when the discharging is in progress.
However, the outcome w'(x) is nonnegative for all x € V(H) U F(H). This leads to
the following obvious contradiction.

0< Z w'(x) = Z w(z) = —12.

z€V(H)UF(H) z€V(H)UF(H)

There are two discharging rules.

(R1) If v is a vertex of degree 2 incident to a face f, then f sends 1 to v for each
occurrence of v in the boundary walk of f.

A face f = [uvw---] of H is called a light face belonging to v if dy(v) > 4 and
either dy(u) = 2 or dy(w) = 2.

(R2) If dy(v) > 4, then v sends 1 to each light face belonging to v.
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Suppose that G is a connected graph. For a vertex x in G, the status sg(x) of x
is defined by

SG(QJ): Z dg(l’,y),

yeV(G)

where dg(z,y) denotes the distance between x and y. The minimum status ms(G) of
the graph G is defined by

ms(G) = xénvl(%) sa(z).

For a tree T with root zg, the height h(T') of T is defined by

h(T) = maxxEV(T)dT(ZOu 95)

Let T be a rooted tree with root zo and h(T") > 2. If degr(x) = k for every vertex
x with dp(x,z9) < h(T) — 2, then T is called a balanced k-tree. If degr(x) = k for
every vertex x with dr(z,zy) < h(T) — 1, then T is called a full k-tree. A balanced
k-tree of order n is denoted by B, ;. Note that B, ; may not be unique if it is not
full.

For integers k > 2,h > 1, let Nj 5, denote the number of vertices of a full k-tree
with height h. Thus

Nep=14+k+k(k—1)+k(k—1)2+ - +k(k—1)""
We denote ms(By, ) by by, We have
bn,k =k + 2/{3(1{3 — 1) + 3k‘(/€ — 1)2 4+ .4+ (h _ 1)/{3(1{3 _ 1)h—2 + B - (n . Nkz,h—1)-

For integers n > k > 2, the k-grass G, is the graph with V(G ;) = {z1, 22, -+ , Ts}
and E(Gni) ={zixizr 1 =1,2,--- ;n—k}U{zppnz;: j=n—k+2,n—Fk+
3,---,n}.

We use g, x to denote the value of ms(G,,x). Thus
51+1Y  (n— L] —k+1
2 2
=4 +k-1n-k—-[5]+1) if 2<k<[5],

n—k+1 : n
( 5 )+k—1 if |5]+1<k<n-—1
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Main result:

Theorem Suppose that G is a connected graph of order n and A(G) =k > 2. Then
we have b, < ms(G) < gnr. The first inequality becomes equality if and only if G
contains some spanning B, i. If the second inequality is an equality, then G contains
a spanning Gy j.
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All the graphs considered here are finite. Let G = (V, E') be a graph. Partition of
G into edge - disjoint subgraphs Gi, Go, ..., G, such that E(G) = E(G1) U E(Gg) U
..U E(G,) is called a decomposition of G and in this case we write G = Gy &
Gy @ ... @ Gg. Decomposition of the given graph into spanning subgraphs is called
factorization. An r-regular spanning subgraph of G is called an r-factor of G. A
cycle of length k is denoted by Cj. G* is the symmetric digraph obtained from G
by replacing every edge by a symmetric pair of arcs. Let K} ., = denote the
symmetric complete multipartite digraph with partite sets Vq, Vs, ..., V,,, of nqy, no, ..., Ny,
vertices each. The symmetric complete multipartite multi-digraph NK, .., . is the
symmetric complete multipartite digraph K, ., =~ in which every arc is taken A
times. S’k is an S = Kjx—1 (using vertices from two parts of the m-partite digraph
)with arcs oriented from the center vertex to end vertices. An Sp—factor is a spanning
subgraph H of a directed graph G such that each component of H is an Sy. Partition
of G* into arc-disjoint Sy—factors is called an Sy—factorization of G*, denoted by
Sy | G*. Si, denote an evenly partite star in which all arcs are directed away from
a center vertex to kK — 1 end vertices such that the center vertex is in V; and ’%1
end vertices in V; and k—gl end vertices are in V;, where i # j # [ and {i, j, [} €
{1,2,...,m}. An S,—factor is a spanning subgraph H of a directed graph G such that
each component of H is an S;,. Partition of G* into arc-disjoint S, —factors is called
an Sy—factorization of G*, denoted by Si || G*. The complete graph on m vertices is

denoted by K, and its complement is denoted by K, .

For two graphs G and H, their wreath product, denoted by G o H, has vertex set
V(G) x V(H) in which (gq, hy) is joined to (gz, ho) by an edge whenever g1g, € E(G)
or g = g and hihy € E(H). The tensor product of two graphs G and H, denoted by
G x H, has the vertex set V(G) x V(H) in which (g1, h1) and (ge, ha) are adjacent
whenever g192 € E(G) and hihe € E(H). For graph theoretical terms which are not
mentioned here see [1].

Nowadays, decomposition/factorization of product graphs into cycles, stars, paths
etc. have attracted much attention due to their applications in many fields especially
in G-designs. Study on factorization of digraphs into stars, paths and cycles are not
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new (see [2-10]). Ushio [5, 6, 7] has obtained a necessary and some sufficient conditions

for the existence of an S, —factorization of complete bipartite and tripartite symmetric
digraphs. Recently, the authors [2, 3] have obtained a necessary and some sufficient

conditions for the existence of S,—factorization of (K, x K,)* and K

Further, Ushio [9, 10] studied the existence of S, —factorizations of K pyny and
AK} o, 0, and left open for K o when m > 3.

In this paper, we have obtained a necessary and sufficient condition for the ex-
istence of an Sy—factorization of (Cp o Kn)*. Further some necessary and sufficient
conditions are obtained for the existence of an Sj—factorization in (K x K,)* and

K} ..., and the results are stated below.

Theorem 1. For odd k > 3, (C,, o KS)* has an S,—factorization if and only if

E(k—1
(2 )

Remark: Theorem 1 deduces a result of Ushio [9] for tripartite graphs.

n = 0(mod

Theorem 2. If (K,, x K,)* has an S,—factorization, then n = k (mod k(ggl)) where
d= (m,k).

Theorem 3. Form >3,t > 1, Sy, || (K X Kyt)*.
Theorem 4. Let k > 3 be odd. If K,

L ngeny, AS an Sy—factorization, then
(1)ny =ng = ... =Ny, for k=3

(ti)ny =ng=...=n, =n = 0(mod k(gd_l) ford=(m,k),k>5

(i7i) (m — 1)n = 0(mod (k — 1))

(tv)mn = 0(modk) and

(v) (m—1Ln > (k= 1)(55).

Theorem 5. If m is odd and n = 0 (mod @), then Sy, || (K., o K&)*.

Theorem 6. For k >3, S, || (Ko K¢_,)*.
2

Theorem 7. If n = 0(mod®2)and odd m = 0(modk), then Sy || (K, o K¢)*.
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Abstract

Geometric intersection graphs are intensively studied in the literature. A
geometric intersection graph G(V, E) is defined with a set of geometric objects.
Usually, the vertices correspond to the geometric objects; an edge e;; € E be-
tween a pair of nodes v;,v; € V implies that the objects corresponding to v;
and v; intersect. The problems on geometric intersection graphs are studied for
their interesting theoretical properties, and for the practical motivations. Many
such graph classes allow elegant characterizations. Different graph-theoretic op-
timization problems, which are usually NP-hard for arbitrary graphs, can be
solved in polynomial time for some geometric intersection graphs. There are
many optimization problems which remain NP-hard for the geometric inter-
section graphs also. In this note, we present the recent algorithmic results for
several geometric intersection graphs.

1 Introduction

Consider a set of objects distributed in JR?. The geometric intersection graph G =
(V, E') with this set of objects is an undirected graph whose each node corresponds to a
distinct object in this set. Between a pair of nodes v;, v; € V there is an edge e;; (€ E)
if the corresponding objects intersect. The intersection of a pair of objects is defined
depending on the problem specification. For example, sometimes proper containment
is considered to be an intersection and sometimes it is not. Here two types of problems
are usually considered: (i) characterization problems, and (ii) solving some useful
optimization problems. In the characterization problem, given an arbitrary graph, one
needs to check whether it belongs to the intersection graph of a desired type of objects.
The second kind of problem deals with designing efficient algorithms for solving some
useful optimization problems for an intersection graph of a known type of objects.
It needs to be mentioned that several practically useful optimization problems, for
example, finding the largest clique, minimum vertex cover, maximum independent set,
etc. are NP-hard for general graph. There are some problems for which getting an
efficient approximation algorithm with good approximation factor is also very difficult.
In this area of research, the geometric properties of the intersecting objects are used
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to design efficient algorithms for these optimization problems. The characterization
problem is important in the sense that for the intersection graph of some types of
objects, efficient algorithms are sometimes already available for solving the desired
optimization problem.

Let us first consider the interval graph, which is the simplest type of geometric
intersection graph. This is obtained by the intersection of a set of intervals on a
real line. The characterization problem for the interval graph can easily be solved in
O(|V| + | E]) time by showing that the graph is chordal and its complementary graph
is a comparability graph [18]. All the standard graph-theoretic optimization problems,
for example, finding minimum vertex cover, maximum independent set, largest clique,
minimum clique cover, minimum coloring, etc, can be solved in polynomial time for
the interval graph [18]. In the next two sections we shall consider the intersection
graphs of rectangles and circles in 2D, which are the most common types of objects
used for modeling many practical problems.

2 Rectangle intersection graph

Any graph G = (V, E) can be represented as the intersection graph of a set of
axis-parallel boxes in some dimension. The boxicity of a graph with n nodes is the
minimum dimension d such that the given graph can be represented as an intersection
graph of n axis parallel boxes in dimension d. In Figure 1, a graph with boxicity 2 is
demonstrated. A graph has boxicity at most one if and only if it is an interval graph.
Every outerplanar graph has boxicity at most two, and every planar graph has boxicity
at most three [27]. If a bipartite graph has boxicity two, it can be represented as an
intersection graph of axis-parallel line segments in the plane [6]. Given an arbitrary
undirected graph G, testing whether the boxicity of GG is a given constant k is NP-
complete even if k =2 [§].

Figure 1: Rectangle intersection graph.

Many optimization problems can be solved or approximated more efficiently for
graphs with bounded boxicity which are in general NP-complete for other graphs.
For instance, the maximum clique problem for the intersection graph of axis-parallel
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rectangles in 2D can be computed in O(nlogn) time using a plane sweep strategy
[23]. This algorithm can be used to solve the following proximity problem - given a
set of points in 2D and a rectangle of specified size, report the position of the rectangle
on the plane such that it can contain the mazimum/minimum number of points. It
may be noted that the number of maximal cliques in a rectangle intersection graph

is O(n?).

We now discuss on the maximum independent set and minimum clique cover
problem of the rectangle intersection graph in 2D. It can be shown that the minimum
vertex cover and maximum independent set problems for an intersection graph G
of axis-parallel rectangles are both NP-hard [10]. It remains NP-hard even if these
rectangles are unit squares [9]. If G is the intersection graph of a set of axis-parallel
rectangles of arbitrary size, then a simple divide and conquer algorithm exists for
getting an independent set of G which can be at most log n-factor worse than the
maximum independent set of G [4]. But if the rectangles are of fixed width, we
can design a dynamic programming based 2-factor approximation algorithm for the
maximum independent set problem for G using the shifting strategy as follows [4].

Let the rectangles are of width h, and the layout of the rectangles on the plane
is given. Draw horizontal lines at equal interval h. Note that each rectangle on
the plane will be stabbed by one and only one horizontal line. Now consider a
horizontal line /. Let it stab m rectangles, and the intervals created by these
rectangles on the line ¢ form an interval graph with m nodes. As stated ear-
lier, the maximum independent set of this interval graph can be computed in
O(mlogm) time. We consider the odd numbered lines and compute the maxi-
mum independent set of the rectangles stabbed by them, and then merge these
independent sets to get an independent set of GG. This is possible due to the fact
that if we consider a pair of odd numbered horizontal lines /1 and /5, there exists
no rectangle stabbed by both ¢; and /5. Similarly, considering the set of even
numbered lines also one can compute a maximum independent set of G. Now
we choose one of these maximum independent sets which has larger cardinality.

Similar shifting strategy can be adopted to design a 2-factor approximation al-
gorithm for the minimum vertex cover and minimum clique cover problems for the
rectangle intersection graph where the rectangles are of fixed width [2].

Both the minimum clique cover and maximum independent set problems for the
rectangle intersection graph of equal-width rectangles are shown to admit PTAS [2, 4].
In [4], a dynamic programming based algorithm is proposed to compute an indepen-
dent set of a rectangle intersection graph, and it produces a (1 + %)—approximation

2671)

in O(nlogn+n time, where € > 1 is an integer. In [2], it is shown that for a set
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of n equal width rectangles and a constant €, a (1 + €)-factor approximation of the
minimum clique cover can be obtained in O(n'/<*) time.

The maximum independent set of rectangle intersection graph is extensively used
in the map labeling problem. For references, see [4, 25, 26]. Here each city in a map
can be considered as a point. The objective is to label these cities by their names
such that no two labels overlap. Obviously if the point set is dense, then all the
points can not be labeled in a non-intersecting manner. The objective here is to
label the maximum number of points. Since the character size of the labels are the
same, we have a set of rectangles of varying length but fixed width corresponding
to all the points (cities), and we need to compute the maximum independent set of
the corresponding rectangle intersection graph. Several variations of the map labeling
problem are studied depending on the position of the point on its corresponding label,
for example, a specific corner, or any one of the four corners, or on the boundary, etc.

3 Disk graphs

A graph G = (V, E) is said to be a disk graph if it is obtained from the intersection
of a set of disks. Here nodes correspond to the disks and an edge between a pair of
vertices in G implies that the corresponding disks intersect. If the disks are of same
radius, then the corresponding graph is referred to as unit disk graph (see Figure 2).
Recognizing whether an arbitrary (given) graph is a unit disk graph is NP-complete
[7].

Unit disk graphs play important roles in formulating different important problems
in mobile ad hoc network. In mobile network, the base stations can be viewed as nodes
of an unit disk graph, where the range of each base station is the same. Different
practical problems on this network can be formulated as the graph-theoretic problems
on unit disk graph. We now discuss on some important optimization problems on unit
disk graph.

Figure 2: Unit disk graph.
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3.1 Maximum clique

Let us consider the cliques of the disk graph. Let v;,v;, vy € V form a clique in G
and Cj, C}, Cy are the corresponding circles. Now, Cj, C;, C, may or may not have a
common region (see Figure 3). In the former case it is called a geometric clique, and
in the latter case it is called a graphical clique. Surely the geometric cliques are all
graphical clique.

Figure 3: Cliques in disk graph.

Though the unit disks do not satisfy Helly property, the maximum (graphical)
clique in an unit disk graph can be computed in polynomial time [11] provided the
centers of the disks are given. If the geometric instance of the problem is not given
then also the maximum clique problem can be solved with the same time complexity.
However, for a disk graph of unequal size, the time complexity of finding the maximum
clique is not known. It is proved that finding the largest clique in the intersection graph
of ellipses is APX-hard. In other words, unless P = N P, there exists a constant 6
such that there is no approximation algorithm with ratio better than 6. Hence there
is no PTAS.

The geometric clique of an unit disk graph has an important significance. Suppose
a set of points P = {p1,p2,...,pn} on a 2D plane and an unit disk is given. The
objective is to position the disk so that it can contain the maximum number of
points. Finding an algorithm for this problem will be an interesting problem.

3.2 Minimum clique cover

In the minimum clique cover problem, the objective is to identify minimum number
of cliques (graphical/geometric) that covers all the nodes in the graph. The graphical
version is interesting in its own merit of theoretical interest. The problem is known
to be NP-complete [12]. The following result is very important for designing approx-
imation algorithms for the unit disk graph.

Result 1: [5] If the centers of the disks lie inside a corridor bounded by a pair
of parallel straight lines at a distance \/3, then the graph becomes a cocomparability
graph.
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Thus the minimum clique cover of a unit disk graph satisfying Result 1 can be
found in O(n?) time by simply coloring its complimentary graph.

Given an arbitrary unit disk graph G = (V| E), one can get a 3-approximation
algorithm for the minimum clique cover problem as follows:

Draw parallel lines such that the distance between each pair of consecutive lines is
V3. Let G; = (Vi, E;) be the subgraph of G with vertices corresponding to the
circles with center in the i-th corridor. By Result 1, one can optimally compute
the minimum clique cover Z; of G;. Now compute Z = U Z;.

We now show that |Z| < 3|Z*|, where Z* is the minimum clique cover of G. Let C be
a clique in Z*, and Z; = C'NV;. Since Z; is the minimum clique cover of G;, we have
|Z:| < ZF. Tt is easy to follow that the centers of the disks associated to the vertices
of C' are contained in a region of the plane distributed along at most three strips.

This implies that C' is the union of at most three disjoint cliques belonging to Z7_,
Z7 and Z7, for some j. That is, |Z| = > |Zi| < Y |Z7| < 3|Z7|.

Recently, Dumitrescu and Pach [16] proposed an O(n?) time randomized algorithm
for the minimum clique cover problem with approximation ratio 2.16. They also pro-
posed a polynomial time approximation scheme (PTAS) for this problem that runs
in O(1/€?). It improves on a previous PTAS with O(1/€*) running time [24].

A different variation of this graph is the penny graph where no two unit disks do
not intersect properly; here an edge between a pair of nodes imply that the corre-
sponding two disks touch each other. The minimum clique cover problem remains
NP-complete for the penny graph also. If the graph G is a penny graph, then the
algorithm proposed in [12] produces a %—factor approximation result for the minimum
clique cover problem.

The geometric version of the minimum clique cover problem for unit disk graph
is important for the practical point of view. For a given set of points on a plane,
it gives the minimum number of unit disks required to cover all the points. It has
a lot of applications in wireless communication where the objective is to place the
base stations to cover a set of radio terminals (sensors) distributed in a region. The
problem is known to be NP-hard [14, 16]. Carmi et. al [14] proposed an approximation
algorithm for this problem where the approximation factor is 38. In particular, if the
points are distributed below a straight line L, and the base stations (of same range) are
allowed to be installed on L then a 4-factor approximation algorithm can be obtained
provided all the points lie within an unit distance from L. Consider another important
variation of the geometric unit disk cover problem, called the homogeneous 2-hop
broadcast problem in wireless communication. Here a message needs to be broadcasted
from a source radio station to all the other radio stations in at most 2-hops. Each
radio station can receive message, but if it needs to broadcast further, it needs extra
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power. The objective is to assign this extra power to minimum number of radio
stations so that the 2-hop broadcast is possible. Two different optimization problems
are studied in [15]. Given a set of radio stations and the source s, the objective of
the first version is to find a range p so that the 2-hop broadcast from s is possible
and the total cost is minimized, where the cost of a radio station is proportional
to the square of its range. This problem can be solved in time O(n*3™logn) by
formulating the problem using matrix multiplication. In its second variation, the range
of the base stations is p (given). It can easily be tested in O(nlogn) time whether
the 2-hop broadcast from s is possible with range p. If possible, the objective is to
identify the minimum number of radio stations whom range p need to be assigned
for successful 2-hop broadcast. An O(n?) time algorithm is proposed in [15] that
computes a 2-factor approximation result for this problem. The A-hop broadcast range
assignment problem (h > 2) is known to be NP-complete [13]. Here the range of a
radio station can be any real number; the objective is to minimize the total cost.
Ambuhl et al. [3] proposed a polynomial-time approximation scheme for the h-hop
broadcast range assignment problem for a fixed h > 2. The proposed algorithm runs
in O(n?) time, where 3 = O((8h%/€)?"). The same paper also demonstrated that
for h = 2, the problem can be solved in polynomial time; the time complexity of
the proposed algorithm is O(n"). Approximation algorithms are available for the
unbounded broadcast problem (i.e., h = n — 1) in IR? with approximation factor
equal to 6 [1].

3.3 Maximum independent set

The problem of computing the maximum independent set and minimum vertex
cover for unit disk graph are known to be NP-complete [11]. Thus, the research
on this topic is concentrated on designing the approximation algorithms. Most of
the works on designing the approximation schemes for the unit disk graph assume
that the geometric representation of the disks are given. A dynamic programming
based shifting strategy was used by Erlebach et al. [17] to give a PTAS for the
maximum weighted independent set in disk graph of arbitrary radius. Their proposed
algorithm achieves approximation ratio 1 — ¢ in time O(n°(/ 62)) for a disk graph with
n disks. If the centers of these disks lie inside a corridor (region bounded by a pair of
parallel lines) of width & then their proposed algorithm produces optimum solution in

2k
O(n“ﬁ]) time. They also proposed an (1 — %)—factor approximation algorithm for the
4’—2(7"71)-' )

73
time. Jan van Leeuwen [19] introduced the concept of thickness to propose a fixed

maximum independent set problem for the unit disk graph which runs in O(rn

parameter tractable algorithm for finding the maximum independent set of an unit
disk graph. An instance is said to have the thickness 7 if the floor can be split into
a set of strips of width 1 such that each strip contains at most 7 disk centers. They
show that an instance of the problem with thickness 7 can be solved in O(7%2%"n)
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time. Though many PTAS is proposed for the maximum independent set problem for
the unit disk graph, the best known constant factor approximation available for this
problem achieves an approximation ratio 3 as follows :

Choose the left-most disk C'. There can be at most 3 mutually non-intersecting disk
that can intersect C'. If we choose C' in the independent set, then we can loose
at most 3 disks in the independent set. After choosing C, we delete C' and all
the disks that overlap on C, and apply the same algorithm [22].

Recently an algorithm for computing a maximum independent set of an unit disk
graph is proposed in [21] that can produce a solution of size at least %OPT where
OPT is the size of the optimum solution for a given instance of the problem. The
time and space complexities of the proposed algorithm is O(n?).

The same paper also studies the maximum independent set problem for the penny
graph. The problem is NP-hard [12]. An algorithm is proposed in [21] which can
produce 2-factor approximation result for the coin graph in O(nlogn) time.

4 Conclusion

A survey on the recent results on approximation algorithms for the minimum
clique cover problem and maximum independent set problem of rectangle intersection
graph and unit disk graph is presented. Several other optimization problems on these
intersection graphs are also studied exhaustively. But intersection graphs of some
other shapes, for example unequal radius disks or ellipses, etc. are not studied much.
Another area interesting and useful area is the study of fixed parameter tractable
algorithms for these optimization problems.
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Let Hy, Ho,... ,H; be subgraphs of the graph G. Hy, H,,... ,H; are said to de-
compose G if the edge set of G can be partitioned into Ey, Fs,...,E) such that G[E],
1 <7 < k, the subgraph induced by FE;, is isomorphic to H;. If H; = H, for each i,
then we say that H decomposes G, and we denote this by H|G; in this case, we also
say that G is decomposed into H. The complete m-partite graph in which each part
has n vertices is denoted by K, ().

The main problems in the decomposition K, into cycles of length m were the
following: (i) If n is odd and m < n, then C,,|K, if and only if m|(}), (i) If n is
even and m < n, then C,,|K, — I, where I is a perfect matching of K, if and only if
m|((}) — %). These problems were settled by Alspach and Gavlas [1] and Sajna [10].

A Cy-factorization of Ky, is a decomposition of it into 2-factors in which each
component is a cycle of length k. Liu [6] proved the existence of a Cj-factorization
of K n), with few exceptions, when the obvious necessary conditions are satisfied.
However, the following problem is not yet settled.

Problem. For 3< k < mn, Cy| K, if and only if (m — 1)n is even and k| (gn)n2

This problem has been completely settled by Cavenagh [5] when the number of
parts is 3.

Theorem 1. [5] For k < 3n, Cy| K3, if and only if k divides 3n®.

However, the problem of decomposing a complete tripartite graph, K, ,:, into
cycles of length 5 when the parts size are unequal seems to be notoriously difficult
[9]. In [7], we completely characterize the existence of a Cp- decomposition of Ky, (),
where p is a prime and 5 < p.

Theorem 2. [7] For any prime p > 5, mn > p and m > 3, Cp| Ky if and only if

(m — 1)n is even and p|(’y)n.

In [11], Smith obtained the following result.

Theorem 3. [11] For any m > 2 and prime p > 3, the complete multipartite graph
Koy (where mn > 2p) has a decomposition into cycles of length 2p if and only if
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(m — 1)n is even and 2p|(y)n®.

Recently, we have been informed [2] that Smith proved the conditions under which
C3,-decomposition of K,y and C2-decomposition of K, exist, where p is a prime.
Very recently, Billington et al. [3, 4] proved that the obvious necessary conditions are
sufficient for the existence of decompositions of K,y and Ky, into cycles of length
k.

Theorem 4. (3] If 3 < k < 4n, then Cy|Kuw) if and only if n is even and k|6n>.
Theorem 5. [4] If 3 < k < 5n, then Cy|Ksq if and only if k|10n>.

We have also considered [8] the decomposition of the symmetric digraph K
into directed cycles of length k. In this paper, for £ < m, we prove that the obvious
necessary conditions are sufficient for the existence of a Cj-decomposition of K,
where k is the product of distinct primes. Initially, we prove the following theorem.

Theorem 6. Let m > 3 and let p and q be distinct primes with pg < m. Then
Coq | Kmny of and only if (m — 1)n is even and pg|m(m — 1)n>.

Using the above theorem, we complete the proof of the following theorem.

Theorem 7. Let m > 3, and let py,pa,...,px, kK > 2 be distinct primes with
pip2...pe < m. Then Cp| Ky, where v = pips...px, if and only if (m — 1)n is
even and r | m(m — 1)n?.
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A k-coloring of a graph G is a b-coloring of G using k colors if each color class
contains a color dominating vertex, that is, a vertex adjacent to at least one vertex
of every other color class. The b-chromatic number of a graph G, denoted by b(G),
is the maximum k such that G has a b-coloring using k colors. Here also, as in the
case of achromatic number, the chromatic number is the minimum & such that G has
a b-coloring using k-colors. The b-chromatic number was introduced by R.W. Irving
and D.F. Manlove [2] by considering proper colorings that are minimal with respect
to a partial order defined on the set of all partitions of V(G). They have shown that
the determination of b(G) is N P-hard for general graphs, but polynomial for trees.
The name b-chromatic number is analogous to the achromatic number. While the
achromatic number of a graph G gives the maximum number of color classes in a
‘complete’ coloring of GG, the b-chromatic number of a graph G gives the maximum
number of color classes in a b-coloring of G.

One of our aims in the study of b-coloring is to determine graphs with prescribed
w(= the clique number), x (= the chromatic number), b (= the b-chromatic number)
and A (= the maximum degree).

In the mid 20" century there was a question regarding the construction of triangle-
free k-chromatic graphs for & > 3. In this search, Mycielski [6] developed an interesting
graph transformation known as the Mycielskian as follows. For a graph G = (V| E),
the Mycielskain of G is the graph u(G) whose vertex set is the disjoint union V' U
V'U{u}, where V' = {2’ : x € V} and edge set EU{zy 2y € E}U{yu:y € V'}.
The vertex z’ is called the twin of the vertex x (and z the twin of 2’) and the
vertex u is called the root of p(G). For k > 2, u*(G) is defined iteratively by setting
pH(G) = p(u*H(G)).

The Mycielskian p(G) of a graph has the property that x(u(G)) = x(G) + 1 and
w(p(@)) = w(G). Hence the iterated Mycielskian gives graphs with prescribed x and
w. Naturally, we thought this contribution could be used to produce graphs satisfying
our aim. In this process, we determine bounds for the b-chromatic numbers of Myciel-
skian and generalised Mycielskain (a generalisation of the concept of Mycielskian), of
a graph in terms of the b-chromatic number of the original graph. In particular, we
have shown that if G is a graph with b-chromatic number b and for which the number
of vertices of degree at least b is at most 2b — 2, then b(u(G)) belongs to the interval



94 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

[b+ 1,2b — 1]. As a consequence, it follows that b(G) + 1 < b(u(G)) < 2b(G) — 1 for
G in any of the following families: split graphs, K, — {a 1-factor}, the hypercubes
Q)p, where p > 3, graphs with b(G) = A(G) + 1, trees and a special class of bipar-
tite graphs. We have further shown that for any positive integer b and every integer
k € [b+ 1,2b — 1], there exists a graph G belonging to the family mentioned above,
with b(G) = b and b(u(G)) = k. Also we have shown that for any integer n > 2 and
for any integer m € [3,2n — 1], L%J < b(pm(Ky)) < 2n — 1 and that these bounds
are optimal.

Let v be any vertex of a graph GG. We know that for the chromatic number of
the vertex-deleted subgraph G — v of G, x(G — v) = x(G) or x(G) — 1. Similarly for
the achromatic number ¢(G), ¥(G —v) = ¥(G) or ¥(G) — 1. Surprisingly, a similar
statement does not hold good for the b-chromatic number b(G) of G. Indeed, the gap
between b(G — v) and b(G) can be arbitrarily large.

Here we have established that for any connected graph G on n > 5 vertices and
any v € V(G), b(G) — ([%] —2) < b(G —v) < bG) + (|%] —2). Further we have
determined all the graphs which attain these bounds [1].
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Strongly and co-strongly perfect graphs
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A graph is perfect if for each of its induced subgraohs H, the chromatic number of
H is equal to the maximum number of mutually adjacent vertices in H. The perfect
graphs were discovered by Claude Berge during the early 1960s. In 1961 Berge conjec-
tured that a graph is perfect if it does not contain an odd cycle ofr length at least 5 or
its complement as an induced sub-graph. The conjecture was well known as “Strong
Perfect Graphs Conjecture” and remained unsolved for more than four decades. In
May 2002, the SPGC was settled in affirmative by Maria Chudnovsky, Neil Robert-
son, Paul Seymour and Robin Thomas. Earlier the conjecture was proved for many
classes of graphs: K 3-free graphs (Parthasarathy and Ravindra, 1976), (K4 — e)-free
graphs (Parthasarathy and Ravindra, 1979, Tucker, 1987), K4-free graphs (Tucker,
1984), Pan free graphs (Olariu, 1989), Bull free graphs (Chvatal and Sbihi, 1989),
Dartfree graphs (L- Sun, 1991).

During the period from the Strong Perfect Graph Conjecture (SPGC) to Strong
Perfect Graph Theorem (SPGT) for more than four decades several researchers worked
actively in the area of perfect graphs. Even after SPGC to SPGT there is still a lot
to do in perfect graphs.

There are some interesting classes of perfect graphs viz., strongly perfect graphs
and co-strongly perfect graphs which are not characterized completely though some
sufficient conditions are available. A graph is strongly perfect if each of its induced
sub-graphs H contain and independent set which meets all the maximal complete
subgraphs of H. A graph G is Co-strongly perfect if G and its complement are strongly
perfect. Meyniel graphs, special K s-free graphs (Line graphs), comparability graphs,
perfectly orderable graphs, co-strongly perfect graphs are some of the most important
classes of strongly perfect graphs. Here we discuss the results concerning strongly
perfect graphs and costrongly perfect graphs.
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A decomposition G = {G1,Gs,...,Gs} of a graph G is a partition of F(G), the
edge set of GG, into edge-disjoint subgraphs Gy, G, ..., Gy, called pages. If all the
pages of G are isomorphic to Hy, then G is called a decomposition of G by H,.

Let H be any graph and let G = {G1,Gy,...,Gymy} be a collection of |V (H)|
subgraphs of H. G is a double cover (DC) of H if every edge of H is contained in
exactly two members in G. (In other words, G is a decomposition of H®) the graph
obtained from H by replacing each edge uv of H by a pair of edges joining u and v.)
IfG, = Gforali e {1,2,...,|V(H)|}, then Gis a DCof H by G. (If G is a DC
of H by G, then | V(H) ||E(G)|= 2| E(H) | .)

A DC G of H is an orthogonal double cover (ODC) of H if there exists a bijective
mapping ¢ : V(H) — G such that for every choice of distinct vertices v and v in
V(H), |E(p(u)) N E(p(v))|is 1if uv € E(H) and is 0 otherwise. If G; = G for all
i € {1,2,...,|V(H)|}, then G is an ODC of H by G. (For every n = (§) + 1, an
ODC of the complete graph K,, by the complete graph K} corresponds to a symmetric
(n, k,2) block design.)

An automorphism of an ODC G of H is a permutation 7 : V(H) — V(H) such
that {7(G1),7(G2), ..., 7(Gymy)} = G, where fori € {1,2,...,|V(H)|}, 7(G;) is a
subgraph of H with V(7(G;)) = {n(v) : v € V(G;)} and E(n(G;)) = {n(u)m(v) :
w € E(G;)}. An ODC G of H is cyclic (CODC) if the cyclic group of order |V (H)|
is a subgroup of the automorphism group of G, the set of all automorphisms of G.

Two decompositions G = {G1,Gs,...,G,} and F = {F, Fy, ..., F,} of the
complete bipartite graph K, ,, are said to be orthogonal if | E(G;) N E(F};) |= 1 for
all i, j € {1,2,...,n}. For orthogonality it is necessary that |E(G;)| = n = |E(F;)|
foralli € {1,2,...,n}. (If two decompositions G and F of K,, , by G are orthogonal,
then G U F is an ODC of K,,,, by G.)

A set of decompositions {G1, G, . .., Gi} of K, , is called a set of k mutually orthog-
onal graph squares (MOGS) if G; and G; are orthogonal for all 4, j € {1,2,...,k} and
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i # j. For any bipartite graph G with n edges, N (n, G) denotes the maximum number
k in a largest possible set {G1, Go, ..., G} of MOGS of K,,,, by G. (A decomposition
of K, , by nKj is equivalent to a Latin square of side n. If two decompositions G
and F of K, ,, by nKy are orthogonal, then the corresponding Latin squares of side n
are orthogonal, and conversely. N(n,nK,) = N(n) is the maximum number of Latin
squares in the largest possible set of mutually orthogonal Latin squares (MOLS) of
side n.)

Orthogonal double covers of graphs, Orthogonal decompositions of graphs and
Maximum number of mutually orthogonal graph squares have been studied by several
authors, see the survey articles [1], [2], [3] and [4], also see [5].

In this talk, we present an overview on the current state of research along with
some new results and open problems on orthogonal double covers of graphs, orthog-
onal decompositions of K, ,, and N(n,G).

Few of our recent results in these highly regular decompositions are:
[10]) There exists a CODC of Ky, 054rs+1 by Kos.

[10]) There exists a CODC of Ky, 4954rs+2 by K1 155
[10]) There exists a CODC of Ky,47 by K1111.-

[

Theorem 1.
Theorem 2.
Theorem 3.
9]) If p is an odd prime, then N(p, Py11) = p.
Theorem 5. ([11]) If p > 5 is a prime number, then p —2 < N(p, Py + (p — 3)K>).
[11]
[11]
[11]
[

Theorem 6. If p > 51is a prime number, then p—3 < N(p, 2P;+ (p—4

Theorem 7.

(
(
(
Theorem 4. (
([11]) )
([11]) (p—4)
([11]) If p > 7 is a prime number, then p—4 < N(p, 2P, + (p—6)K>).
([11]) (p—6)

Theorem 8. ([11]) If p > 7 is a prime number, then p—5 < N(p, 3Ps+ (p—6) K>

6], [7] and [8] deals with CODCs of graphs by R. Sampathkumar and others.
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1 Introduction

A spanner is a sparse subgraph of a given graph that preserves approximate dis-
tance between each pair of vertices. More precisely, a t-spanner of a graph G = (V, F)
is a subgraph (V, Fg), Es C E such that, for any pair of vertices, their distance in the
subgraph is at most ¢ times their distance in the original graph. where t is called the
stretch factor. The spanners were defined formally by Peleg and Schiéffer [14] though
the associated notion was used implicitly by Awerbuch [3] in the context of network
synchronizers.

The computation a t-spanner is clearly motivated by the compression in size, we
are interested in the smallest ¢ spanner of any given graph. The smallest size (in
number of edges) of a t-spanner depends on the input graph. For example, it is easy
to observe that a complete unweighted graph has a 2-spanner (star) of size n — 1
whereas any bipartite graph has no 2-spanner except the graph itself. In general,
computing a t-spanner of the smallest size for a graph is NP-hard. In fact, for ¢ > 2,
it is NP-hard [10] even to approximate the smallest size of t-spanner of a graph with
ratio O(20=W!") for any p > 0. Let S! denote the maximum size of the sparsest
t-spanner over all graphs on n vertices. Given any graph, we would like to design an
efficient algorithm for computing a t-spanner of size O(S!). A 43 years old girth lower
bound conjecture by Erdds [12] implies that there are graphs on n vertices whose 2k
as well as (2k — 1)-spanner will require Q(n'*'/*) edges. This conjecture has been
proved for kK = 1,2,3 and 5. Our objective is to design a fast, preferably linear time
algorithm for any weighted graph on n vertices to compute a (2k — 1)-spanner of

O(n'*+1/*) size.

Althofer et al. [2] are the first to design a polynomial time algorithm for com-
puting a (2k — 1)-spanner of O(n'*'/*¥) size for any weighted graph that requires
O(min(kn?t1/* mn!+1/¥)) time. Cohen [9], and later Thorup and Zwick [18] designed
algorithms with an improved running time of O(kmn'*'/*¥). These algorithms relied
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on several calls to Dijkstra’s single-source shortest-path algorithm for global distance
computation and therefore were far from achieving linear time.

2 Our results

The key result of this article is an algorithm [6] that computes a spanner without
any sort, of local/global distance computation, and runs in expected linear time. The
main result can be stated formally as follows :

Given a weighted graph G = (V, E), and integer &k > 1, a spanner of
(2k — 1)-stretch and O(kn'*'/*) size can be computed in expected O(km)
time.

The algorithm executes in O(k) rounds, and in each round it essentially explores ad-
jacency list of each vertex to prune dispensable edges. As a testimony of its simplicity,
we will present the entire algorithm for 3-spanner and its analysis in the next section.
The local approach can be exploited to achieve near-optimal performance in other
computational models. More specifically, it takes O(k) rounds and communications
of O(km) messages to construct a (2k — 1)-spanner in synchronous distributed en-
vironment. In external-memory, the expected number of 1/O operations required to
compute a (2k — 1)-spanner is the same as required for sorting km integers in external
memory. In CRCW PRAM model, a (2k — 1)-spanner can be computed with optimal
speed-up in O(klog™ n) steps. The expected size of the (2k — 1)-spanner computed is
O(kn'*1/%) in all these models.

Suppose there is a subset Fg C E that ensures the following proposition for every
edge (z,y) € E\FEs.

Pi(z,y) : the vertices x and y are connected in the subgraph (V) Eg) by a path
consisting of at most ¢ edges, and the weight of each edge on this path is not more
than that of the edge (z,y).

It follows easily that the sub graph (V, Eg) will be a t-spanner of G.

Althofer et al. [2] gave the first algorithm for computing a t-spanner for weighted
graphs. Their algorithm is similar to Kruskal’s algorithm for computing a minimum
spanning tree. The edges of the graph are processed in the increasing order of their
weights. To begin with, the spanner Es = () and the algorithm adds edges to it
gradually. The decision as to whether an edge, say (u,v) has to be added (or not) to
Eg is made as follows:

If the distance between u and v in the subgraph induced by the current spanner
edges Eg is more than t - weight(u,v), then select and add the edge to Eg, otherwise
discard the edge.
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It follows that P;(x,y) would hold for each edge missing in Fg, and so at the
end of the process, the subgraph (V, Es) will be a t-spanner. Moreover, the girth of
the graph (V) Eg) is at least t + 1. It follows from elementary graph theory that a
graph with more than n!t'/* edges must have a cycle of at most 2k edges. Hence for
t = 2k — 1, the above algorithm computes a (2k — 1)-spanner of size O(n'*'/¥), which
is indeed optimal based on the lower bound mentioned earlier. A simple O(mn!*1/¥)
implementation of the algorithm follows by using Dijkstra’s algorithm to compute

shortest paths.

Since a spanner must approximate all pairs of distances in a graph, it appears
difficult to compute a spanner by avoiding explicit distance information. Somewhat
surprisingly, the linear time algorithm computes such set Eg using a very local ap-
proach.

2.1 Computing a 3-spanner in linear time

To meet the size constraint of a 3-spanner a vertex, on an average contributes
/n edges to the spanner. So the vertices with degree O(y/n) are easy to handle
since all their edges can be selected in the spanner. For vertices with higher degree a
clustering (groupings) scheme is employed to tackle this problem which has its basis
in dominating sets.

To begin with, there is a set of edges E’ initialized to F, and empty spanner Fg.
The algorithm processes the edges E’, moves some of them to the spanner Fg and
discards the remaining ones. It does so in the following two phases.

1. Forming the clusters :
A sample R C V is chosen by picking each vertex independently with probabil-
ity Ln The clusters will be formed around these sampled vertices. Initially the
clusters are {{u}|u € R}. Each u € R is called the center of its cluster. Each
unsampled vertex v € V — R is processed as follows.

(a) If v is not adjacent to any sampled vertex, then every edge incident on v
is moved to Ejg.

(b) If v is adjacent to one or more sampled vertices, let N (v, R) be the sampled
neighbor that is nearest ! to v. The edge (v, (v, R)) along with every edge
that is incident on v with weight less than this edge is moved to Eg. The
vertex v is added to the cluster centered at N (v, R).

As a last step of the first phase, all those edges (u,v) from E’ where u and v
are not sampled and belong to the same cluster are discarded.

!Ties can be broken arbitrarily. However, it helps conceptually to assume that all weights are
distinct
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Let V' be the set of vertices corresponding to the endpoints of the edges E’
left after the first phase. It follows that each vertex from V" is either a sampled
vertex or adjacent to some sampled vertex, and the step 1(b) has partitioned
V' into disjoint clusters each centered around some sampled vertex. Also note
that, as a consequence of the last step, each edge of the set £’ is an inter-cluster
edge. The graph (V’, E’), and the corresponding clustering of V' is passed onto
the second phase.

2. Joining vertices with their neighboring clusters :
Each vertex v of graph (V’, E’) is processed as follows. Let E’'(v, ¢) be the edges
from the set E’ incident on v from a cluster c. For each cluster ¢ incident to v,

the least-weight edge from E’(v,¢) is moved to Eg and the remaining edges are
discarded.

The number of edges added to the spanner Eg during the algorithm described
above can be bounded as follows. Note that the sample set R is formed by picking each
vertex randomly independently with probability \/Lﬁ It thus follows from elementary
probability that for each vertex v € V| the expected number of incident edges with
weight less than that of (v, N(v,R)) is at most \/n. Thus the expected number of
edges contributed to the spanner by each vertex in the first phase of the algorithm
is at most y/n. The number of edges added to the spanner in the second phase is
O(n|R|). Since the expected size of the sample R is /n, therefore, the expected

3/2

number of edges added to the spanner in the second phase is at most n°/“. Hence

the expected size of the spanner Fg at the end of the algorithm described above is
3/2

at most 2n%/2. The algorithm is repeated if the size of the spanner exceeds 3n*/2. It

follows using Markov’s inequality that the expected number of such repetitions will
be O(1).

We now establish that Eg is a 3-spanner. Note that for every edge (u,v) ¢ Eg,
the vertices u, v belong to some cluster in the first phase. There are two cases now.
Case 1 : (u and v belong to same cluster)

Let u and v belong to the cluster centered at x € R. It follows from the first phase
of the algorithm that there is a 2-edge path © — x — v in the spanner with each edge
not heavier than the edge (u, v). (This provides a justification for discarding all intra-
cluster edges at the end of first phase).

Case 2 : (u and v belong to different clusters)

Clearly the edge (u,v) was removed from E’ during phase 2, and suppose it was
removed while processing the vertex u. Let v belong to the cluster centered at x € R

In the beginning of the second phase let (u,v’) € E’ be the least weight edge among
all the edges incident on u from the vertices of the cluster centered at x. So it must
be that weight(u,v") < weight(u,v). The processing of vertex u during the second
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phase of our algorithm ensures that the edge (u,v") gets added to Es. Hence there is
a path II,, = u—v' — 2 — v between u and v in the spanner Eyg, and its weight can be
bounded as weight(Il,,) = weight(u,v") + weight(v', ) + weight(x,v). Since (v, x)
and (v, z) were chosen in the first phase, it follows that weight(v', z) < weight(u,v’)
and weight(z,v) < weight(u,v). It follows that the spanner (V) Eg) has stretch 3.
Moreover both phases of the algorithm can be executed in O(m) time using elementary
data structures and bucket sorting.

The algorithm for computing a (2k — 1)-spanner executes k iterations where each
iteration is similar to the first phase of the 3-spanner algorithm. The ith iteration
begins with a clustering C; (for the first iteration the clustering is C; = {{v}|v € V'}).
Each cluster from C; is sampled independently with probability n~'/*. The vertices in
unsampled clusters hook on to the nearest sampled clusters and the surviving clusters
become fatter in every iteration. The number of clusters reduce by a factor of n'/*
and after k — 1 iterations, there are expected n'/* clusters left. For more details and

formal proof, the reader may refer to [6].

2.2 Other related work

The notion of a spanner has been generalized in the past by many researchers.

Additive spanners : A t-spanner as defined above approximates pairwise distances
with multiplicative error, and can be called a multiplicative spanner. In an analogous
manner, one can define spanners that approximate pairwise distances with additive er-
ror. Such a spanner is called an additive spanner and the corresponding error is called
surplus. Aingworth et al. [1] presented the first additive spanner of size O(n*?logn)
with surplus 2. Baswana et al. [7] presented a construction of O(n*3) size additive
spanner with surplus 6. It is a major open problem if there exists any sparser additive
spanner.

(cv, B)-spanner :  Elkin and Peleg [11] introduced the notion of («a, 3)-spanner for
unweighted graphs, which can be viewed as a hybrid of multiplicative and additive
spanners. An («, #)-spanner is a subgraph such that the distance between any pair
of vertices u,v € V in this subgraph is bounded by ad(u,v) + 3, where 6(u,v) is
the distance between u and v in the original graph. Elkin and Peleg showed that an
(1 + €, B)-spanner of size O(Bn'*?), for arbitrarily small €,§ > 0, can be computed
at the expense of sufficiently large surplus 3. Recently Thorup and Zwick [19] intro-
duced a spanner where the additive error is sublinear in terms of the distance being
approximated.

Other interesting variants of spanner include distance preserver proposed by Bol-
lobés et al. [8] and Light-weight spanner proposed by Awerbuch et al. [4]. A subgraph
is said to be a d-preserver if it preserves exact distances for each pair of vertices
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which are separated by distance at least d. A light-weight spanner tries to minimize
the number of edges as well as the total edge weight. A lightness parameter is defined
for a subgraph as the ratio of total weight of all its edges and the weight of the min-
imum spanning tree of the graph. Awerbuch et al. [4] showed that for any weighted
graph and integer k£ > 1, there exists a polynomially constructible O(k)-spanner with
O(kpn!*t'/¥) edges and O(kpn'/*) lightness, where p = log(Diameter).

In addition to the above work on the generalization of spanners, a lot of work
has also been done on computing spanners for special classes of graphs, e.g., chordal
graphs, unweighted graphs, and Euclidean graphs. For chordal graphs, Peleg and
Schéiffer [14] designed an algorithm that computes a 2-spanner of size O(n*/?), and a
3-spanner of size O(nlogn). For unweighted graphs Halperin and Zwick [13] gave an
O(m) time algorithm for this problem. Salowe [17] presented an algorithm for comput-
ing a (1 + €)-spanner of a d-dimensional complete Euclidean graph in O(nlogn + %)
time. However, none of the algorithms for these special classes of graphs seem to
extend to general weighted undirected graphs.

3 Applications and open problems

Spanners are quite useful in various applications in the area of distributed systems
and communication networks. In these applications, spanners appear as the under-
lying graph structure. In order to build compact routing tables [16], many existing
routing schemes use the edges of a sparse spanner for routing messages. In distributed
systems, spanners play an important role in designing synchronizers. Awerbuch [3],
and Peleg and Ullman [15] showed that the quality of a spanner (in terms of stretch
factor and the number of spanner edges) is very closely related to the time and com-
munication complexity of any synchronizer for the network. The spanners have also
been used implicitly in a number of algorithms for computing all pairs approximate
shortest paths [5, 9, 18]. For a number of other applications, please refer to the papers
2, 3, 14, 16]. The running time as well as the size of the (2k — 1)-spanner computed
by the algorithm described above are away from their respective worst case lower
bounds by a factor of k. For any constant value of k, both these parameters are op-
timal. However, for the extreme value of k, that is, for k = logn, there is deviation
by a factor of logn. Is it possible to get rid of this multiplicative factor of k from the
running time of the algorithm and/or the size of the (2k — 1)-spanner computed ? It
seems that a more careful analysis coupled with advanced probabilistic tools might
be useful in this direction.
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Graphs provide natural and convenient representations of communication net-
works. Graph models and flow formulations have been extensively used in the study
of a large number of issues relating to network analysis and design. Structural charac-
teristics such as connectivity /fault survivability (a measure of robustness of networks
when link or node failures occur) and diameter (a measure of delay incurred in trans-
mission of information from one node to another) have served as parameters in the
design of communication networks. There is a rich body of literature dealing with
these and related issues.

There are two approaches to deliver telecommunication services. The first is to
design a new system from scratch every time a new type or level of service is to be
delivered. The second is to accomplish the desired goal using the resources available
in the existing systems. The latter approach involves the concept of layering. Modern
communication networks are designed using the layered approach. Typically, design
using the layered approach involves mapping a guest graph (called a logical topology)
onto a host graph (called the physical topology) satisfying certain requirements. For
example, in Wavelength Division Multiplexing (WDM) based networks the physical
topology is defined by a set of nodes and optical fibers connecting the nodes, and
the logical topology is defined by a subset of nodes (for example, IP routers) and the
lightpaths connecting these nodes in the physical topology. Thus each logical link rep-
resents a lightpath in the physical topology. This talk is concerned with survivability
of the logical topology when physical nodes/links fail, leading to cascading failures at
the logical layer.

The Survivable Logical Topology Mapping (SLTM) problem in an IP-over-WDM
optical network is to map each link (u, v) in the logical topology (at the IP layer) into
a lightpath between the nodes u and v in the physical topology (at the optical layer)
such that failure of a physical link does not cause the logical topology to become
disconnected. It is assumed that both the physical and logical topologies are 2-edge
connected (in short, two-connected).

The problem of finding pair-wise (mutually) disjoint paths plays an important
role in finding survivable mappings. This problem is well studied and is NP-complete
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in general [1]. However, it is possible to find pair-wise disjoint paths in some special
cases e.g. when the topology is undirected three edge-connected and the number of
pair-wise disjoint paths required is two [2].

In [3], Modiano and Narula-Tam formally showed that the problem of finding
survivable mappings is NP-complete for general as well as for ring logical topologies.
Therefore, they provided Integer Linear Programs (ILPs) to find a solution. The ILP
is based on the observation that a logical topology can get disconnected after the
failure of a physical link only if the physical link carries an entire cut of the logical
topology, or alternatively, every cut of the logical topology must contain at least
a pair of edges with pair-wise disjoint mappings in order for the mappings to be
survivable. However, the ILP does not scale well as it must examine all the possible
cuts, a number that grow exponentially with the size of the topology. Some of the
other related works on this problem may be found in [4, 5].

In [6, 7, 8] Kurant and Thiran provided a framework called SMART (Survivable
Mapping Algorithm by Ring Trimming). SMART utilizes circuits to find survivable
mappings for logical topologies. The framework repeatedly picks connected pieces
(subgraphs) of the logical topology and finds survivable mappings for these pieces. If
a survivable mapping is found for a piece, its links are short-circuited (contracted)
and the algorithm proceeds by picking another piece. The process is repeated until
the logical topology is reduced to a single node or a search for a piece with survivable
mapping is unsuccessful. In the former case, a survivable mapping for the logical
topology has been found; otherwise a survivable mapping does not exist.

Duality between circuits and cuts in a graph is one of the well studied topics
in graph theory. This concept has played a significant role in the development of
methodologies for solving problems in various applications. Most of the early results in
electrical circuit theory were founded on the duality relationship between circuits and
cuts [9]. There is a wealth of literature on the role of duality in network optimization
(that is, discrete optimization on graphs and networks) [10]. Most often, for a primal
algorithm based on circuits there is a dual algorithm based on cuts for the same
problem. The primal and dual algorithms possess certain characteristics that make
one superior to the other depending on the application. SMART algorithm for the
survivable logical topology design problem is based on circuits [6, 7, 8.

The question then arises whether there exists a dual methodology based on cuts.
The work in [11] answered this question in the affirmative and provided a unified
algorithmic framework for the SLTM problem. The work also provides much insight
into the structure of solutions for the SLTM problem.

Effectiveness of both these frameworks—SMART and its dual— as well as their
robustness in providing survivability against multiple failures depends on the lengths
of the cutset cover and circuit cover sequences on which they are based. In a recent
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unpublished work [12] we considered these issues and developed a generalized theory

of logical topology survivability. We introduced the concept of generalized cutset

and generalized circuit cover sequences. We showed that the distinction between the

primal and dual methods disappears when the generalized sequences are used. Details

of this work will be presented in the talk.
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Graphs considered in this paper are finite and simple. For a graph G = (V, E)
with vertex set V' and edge set E, we use |V| and |E| to denote the cardinalities of V'
and FE, respectively. An orientation D of G is directed graph obtained by assigning
a fixed direction on every edge xy of G. An orientation D is called acyclic if D does
not contain any directed cycle.

Suppose that D is an acyclic orientation of G. An arc u — v of D, or its underlying
edge, is called dependent (in D) if there exists a directed path in the directed graph
D' =D — (u — v) from u to v. Define d(D) as the number of dependent arcs in D.
Let dpin(G) and dpax(G) be, respectively, the minimum and maximum value of d(D)
over all acyclic orientations D of G. It is known ([3]) that dy.(G) = |E| — |V| + k
for a graph G having k& components.

If any integer d satisfying dmin(G) < d < dpmax(G) is achievable as d(D) for some
acyclic orientation D of GG, then G is said to be fully orientable. Otherwise, it is called
non-fully-orientable. West [15] showed the following theorem.

Theorem 1 Complete bipartite graphs are fully orientable.

Let x(G) denote the chromatic number of G and g(G) denote the girth of G. And
g(@G) is oo if G possesses no cycles. Fisher et al. [3] showed the following theorem.

Theorem 2 If G is a connected graph with x(G) < g(G), then G is fully orientable
and dyin(G) = 0.

Lih, Lin, and Tong [7] gave the following theorem.
Theorem 3 FEvery outerplanar graph G is fully orientable.

A graph G is called k-degenerate if each subgraph H of G contains a vertex of
degree at most k in H. Lai, Chang, and Lih [5] have established the fully orientability

of 2-degenerate graphs.

Theorem 4 If G is 2-degenerate, then G is fully orientable.
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Lai and Lih [6] gives further examples of fully orientable graphs, such as subdi-
visions of Halin graphs and graphs of maximum degree at most three. Collins and
Tysdal [2] as well as Rodl and Thoma [14] also study some results about dependent
arcs.

Let G be a connected graph. Use depth-first search to construct a spanning tree
T of G and index the vertices as vy, v, ..., vy (@) in the order of that search. Label
each edge v;v; of E(G)\ E(T) by the pair (7, j) with ¢ < j. Then order these edges in
lexicographical order by their labels. Observe there are |E(G)| — |V(G)| + 1 edges in
E(G)\ E(T). We also note that each edge in E(G) \ E(T) joins a vertex with one of
its ancestors on the tree T'. Let k7 denote the least number ¢ such that, when the first
t edges of E(G)\ E(T) in the above lexicographical order are removed, the remaining
subgraph H of G is a graph with d,,;,,(H) = 0. Since T is a graph with d,,;,(T) = 0,
kr < |E(G)| —|V(G)| + 1. In [8], Lai, Lih, and Tong prove the following theorem.

Theorem 5 If G is a connected graph and T is a spanning tree of G obtained by
depth-first search, then every number d satisfying kr < d < |E(G)| — |[V(G)| + 1 is
achievable as d(D) for some acyclic orientation D of G.

Corollary 6 If G is a connected graph with dy(G) < 1, then G is fully orientable.

Let K, denote the complete r-partite graph each of whose partite sets has n
vertices. Chang, Lin, and Tong [1] determined the fully orientiability of K, and
proved that K, is non-fully-orientable when r > 3 and n > 2. These are the only
non-fully-orientable graphs known so far and they all have girth 3. An immediate
consequence is that, when m is a composite number, there exist m-degenerate graphs
which are non-fully-orientable. Moreover, it can be checked that K3y is the smallest
non-fully-orientable graph. Any acyclic orientation of K39 has 4, 6, or 7 dependent
arcs. Based upon the above data, we conclude this paper by posing the following open
questions.

Question 1. For a given odd prime p, does there exist a non-fully-orientable
p-degenerate graph that is not (p — 1)-degenerate?

Question 2. For any given integer g > 4, does there exist a non-fully-orientable
graph G whose girth is g?

Question 3. Does there exist a non-fully-orientable graph G whose dy,in(G) is 2
or 37

Question 4. K3(y) shows that a maximal planar graph can be non-fully-orientable.
How to characterize all fully orientable planar graphs?

Question 5. How to characterize those complete multipartite graphs that are
fully orientable?



India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009 113

References

1]

[10]

[11]

[12]

[13]

[14]

[15]

G. J. Chang, C.-Y. Lin, L.-D. Tong, Independent arcs of acyclic orientations of
complete r-partite graphs, Discrete Math. (2009), doi:10.1016/j.disc.2009.01.002.

K. L. Collins, K. Tysdal, Dependent edges in Mycielski graphs and 4-colorings
of 4-skeletons, J. Graph Theory 46 (2004), 285-296.

D. C. Fisher, K. Fraughnaugh, L. Langley, D. B. West, The number of dependent
arcs in an acyclic orientation, J. Combin. Theory Ser. B 71 (1997), 73-78.

E. Goles, E. Prisner, Source reversal and chip firing on graphs, Theoret. Comput.
Sci. 233 (2000), 287-295.

H.-H. Lai, G. J. Chang, K.-W. Lih, On fully orientability of 2-degenerate graphs,
Inform. Process. Lett. 105 (2008), 177-181.

H.-H. Lai, K.-W. Lih, On preserving fully orientability of graphs, European J.
Combin., to appear.

K.-W. Lih, C.-Y. Lin, L.-D. Tong, On an interpolation property of outerplanar
graphs, Discrete Appl. Math. 154 (2006), 166-172.

H.-H. Lai, K.-W. Lih, L.-D. Tong, Full orientability of graphs with at most one
dependent arc, Discrete Appl. Math., to appear.

K. M. Mosesian, Some theorems on strongly basable graphs, Akad. Nauk.
Armian. SSR. Dokl. 54 (1972), 241-245. (in Russian)

O. Pretzel, On graphs that can be oriented as diagrams of ordered sets, Order 2
(1985), 25-40.

O. Pretzel, On reorienting graphs by pushing down maximal vertices, Order 3
(1986), 135-153.

O. Pretzel, On reorienting graphs by pushing down maximal vertices II, Discrete
Math. 270 (2003), 227-240.

O. Pretzel, D. Youngs, Cycle lengths and graph orientations. SIAM J. Discrete
Math. 3 (1990), 544-553.

V. Rodl, L. Thoma, On cover graphs and dependent arcs in acyclic orientations,
Combin. Probab. Comput. 14 (2005), 585-617.

D. B. West, Acyclic orientations of complete bipartite graphs, Discrete Math.
138 (1995), 393-396.



114 India-Taiwan Conference on Discrete Mathematics, NTU, November 9-12, 2009

Clique irreducible and weakly clique irreducible graphs—
A survey

A. Vijayakumar® vijay@cusat.ac.in

Aparna Lakshmanan S.2  aparnaren@gmail.com

! Department of Mathematics, Cochin University of Science and Technology, Cochin-682
022, India
2Department of Mathematics, St. Xavier’s College for Women, Aluva-683 101, India

We consider only finite, simple graphs G = (V, E) with |V| =n and |E| = m.

A clique of a graph G is a maximal complete subgraph of G. Some properties of
cliques of a graph are discussed in [15]. A graph G is clique irreducible if every clique
in G of size at least two, has an edge (called essential edge) which does not lie in any
other clique of G and is clique reducible if it is not clique irreducible [13]. A graph G
is clique vertex irreducible if every clique in G has a vertex which does not lie in any
other clique of G and is clique vertex reducible if it is not clique vertex irreducible
[1]. Every clique vertex irreducible graph is clique irreducible, but the converse need
not be true. A clique which contains an essential edge is called an essential clique. A
graph G is weakly clique irreducible [16] if every edge belongs to at least one essential
clique and is weakly clique reducible, otherwise. The clique irreducible graphs form a
subclass of weakly clique irreducible graphs.

In [13], it is proved that the interval graphs are clique irreducible. Wallis and
Zhang [14] generalized this result and attempted to characterize clique irreducible
graphs. A graph G is hereditary weakly clique irreducible if G and all its induced
subgraphs are weakly clique irreducible. A forbidden subgraph characterization for G
to be hereditary weakly clique irreducible is given in [16].

However, a characterization of weakly clique irreducible graphs is still open.

The join of two graphs G and H denoted by G V H is the graph with vertex set
V(GVH)=V(G)UV(H) and E(GV H) = E(G)UE(H)U{uv : u € V(G) and
v € V(H)}. The distance between any two vertices u and v in a connected graph G,
is denoted by dg(u,v) and the complement of a graph G, by G°.

A graph G is complement reducible (cograph) if it can be reduced to edge less
graphs by taking complements with in components [7]. Cographs can also be recur-
sively defined as follows,

(1) Kj is a cograph
(2) If G is a cograph, so is G° and
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(3) If G and H are cographs, so is G V H.

It is also known [12] that, G is a cograph if and only if G does not contain P-the
path on four vertices, as an induced subgraph.

A graph G is distance hereditary, if dg(u,v) = dg(u,v) for every connected in-
duced subgraph H of G, where u,v € V(H) [9]. The distance hereditary graphs can
also be obtained from K by recursively,

(1) Attaching pendant vertices
(2) Attaching true twins and

(3) Attaching false twins

where a true twin of a vertex w is a vertex v which is adjacent only to u and all its
neighbors and a false twin of a vertex v’ is a vertex v' which is adjacent only to the
neighbors of u’ [5].

The forbidden subgraphs of a distance hereditary graph are house, hole, domino
and gem; where a hole is an odd cycle of length greater than or equal to five and
other graphs are shown in the following figure [6].

C O
o o o o G 1 %
House  Domino Gem

It follows that, the cographs form a subclass of the distance hereditary graphs.

In [2], it is proved that if G¢ has at least two non-trivial components then G is
clique vertex reducible and if it has at least three non-trivial components then G is
clique reducible. The cographs and the distance hereditary graphs which are clique
vertex irreducible and clique irreducible are also recursively characterized. In [3], a
recursive characterization and a forbidden subgraph characterization for the cographs
and the distance hereditary graphs to be weakly clique irreducible are obtained.

The non-complete extended p-sum of graphs (NEPS) were first introduced in [8] in
the context of studying eigen values of graphs. Let B be a non-empty subset of the col-
lection of all binary n-tuples which does not include (0, 0, ..., 0). The non-complete ex-
tended p-sum of graphs G, Gy, ..., G, with basis B denoted by NEPS(G1, Go, ..., G,; B),
is the graph with vertex set V(G1) x V(Ga) x ... x V(G,), in which two vertices
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(w1, ug, ..., up) and (vq, v, ..., v,) are adjacent if and only if there exists (31, B2, ..., Bp) €
B such that u; is adjacent to v; in GG; whenever §; = 1 and u; = v; whenever §; = 0.
The graphs Gy, G, ..., G, are called the factors of the NEPS [8]. Most of the well

known graph products are special cases of the NEPS.

There are seven possible ways of choosing the basis B when p = 2.

By ={(1,0)}
Bs={(1,1)}

B, = (07 1)7 (17 O)}

Bs = {(07 1)7 (17 1)}

Bs = {(17 0)7 (1’ 1)}

B; = {(07 1)7 (17 0)7 (17 1)}

Let G; = (W4, E1) and Gy = (V,, Es) be two connected graphs with |V;| = n; and
|Ez| =m; for 1 = ]., 2.

The NEPS(G4, G; B1) is Go repeated ny times and NEPS(G1, Go; Bo) = NEPS(Gs, Gy; By).

In the NEPS(G1, G2; B;), two vertices (u1, v1) and (ug, v2) are adjacent if and only
if

(1) j = 3 : uy is adjacent to uy in G and vy is adjacent to vy in Gy. This is same
as the tensor product [10] of Gy and Gs.

(2) 7 =4:u =up and vy is adjacent to vy in Gy or u; is adjacent to uy in G and
v1 = vy. This is same as the cartesian product [10] of G; and Gs.

(3) j =5 : Either u; = uy or u; is adjacent to us in G and vy is adjacent to v, in

Gb.
(4) 7 =6 : This is same as NEPS(Gsq, Gy; B;).

(5) j = 7 : Either u; = uy and v; is adjacent to ve in G5 or w; is adjacent to us
in G and v; = v9 or uy is adjacent to us in Gy and vy is adjacent to vy in Gs.
This is same as the strong product [10] of G; and Gs.

In [2], the clique vertex irreducibility and clique irreducibility of graphs which are
non-complete extended p-sums (NEPS) of two graphs are studied. Characterizations
of G and (G5 such that NEPS of (G; and (5 is clique irreducible and clique vertex
irreducible are also obtained.

The line graph of a graph G is denoted by L(G) and the iterations of L(G) are
recursively defined by L'(G) = L(G) and L""(G) = L(L™(G)), for n > 1 [14]. The
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Gallai graph of a graph G, denoted by I'(G), is a graph whose vertex set corresponds
to the edge set of G and any two vertices in I'(G) are adjacent if the corresponding
edges in G are incident on a common vertex and they do not lie in a common triangle
[11]. The anti-Gallai graph of a graph G, denoted by A(G), is a graph whose vertex
set corresponds to the edge set of G and any two vertices in A(G) are adjacent if the
corresponding edges lie in a triangle in G [11]. Both I'(G) and A(G) are spanning
subgraphs of L(G) and their union is L(G). Though L(G) has a forbidden subgraph
characterization, both these graph classes cannot be characterized by forbidden sub-
graphs [11].

In [1], the graphs G for which L(G) and L?*(G) are clique vertex irreducible are
characterized and it is deduced that L"(G) for n > 3 is clique vertex irreducible if and
only if G is K3, K 3 or P, where k < n+3. We also prove that L"(G), n > 5, is clique
irreducible if and only if it is non-empty and L*(G) is clique irreducible. The Gallai
graphs which are clique irreducible and clique vertex irreducible are characterized.
A forbidden subgraph characterization for clique vertex irreducibility of I'(G) is ob-
tained. Also, the forbidden subgraphs for the anti-Gallai graphs and all its iterations
to be clique irreducible and clique vertex irreducible are obtained.

In [17], the line graphs which are weakly clique irreducible are characterized. In
[3], the Gallai graphs and the anti-Gallai graphs which are weakly clique irreducible
are characterized. The anti-Gallai graphs posses an interesting property that, it is
weakly clique irreducible only if it is clique irreducible. Also the closure property of
weakly clique irreducible graphs with respect to NEPS of graphs are discussed in [4].
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Magic sum spectra of group magic graphs
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1 Background and introduction
1.1 Magic graphs

Various authors have introduced labelings that generalize the idea of the well-
known magic square. In 1964, Sedldcek [8] defined a graph to be magic if it had
an edge labeling with range the real numbers, such that the sum of all incident
edge labels around any vertex (vertex sum) equals some constant, independent of
the choice of vertex. These labelings have been studied by Stewart in 1966-67, [12]
and [13] for example, who called a labeling supermagic if the labels are consecutive
integers starting from 1. Over several decades, variations of magic and anti-magic
type of labeling have been studied, please see the up to date survey article [2] and
two monographs [14] and [1] on these topics for more related details and applications.

1.2 Integer magic graphs

We call a graph to be A-magic if there exist edge labels ranging over the set A,
such that the vertex sums are constant. It is known [4] that a graph G is N-magic if
and only if every edge of G is contained in a {1, 2}-factor and every pair of edges is
separated by this (1, 2)-factor, and for a list of properties of N-magic graphs, please
see [3]. Richard Stanley studied Z-magic graphs in [10, 11] regarding relations with
commutative algebra, and he demonstrated that the study of magic labelings can be
reduced to solving a system of linear diophantine equations. The case A being the
finite group Zy has been studied in literatures, for example [6, 9, 15], and sometimes
referred as integer magic graphs. We consider in this article the Zy-magic graphs,
and study the set of all possible magic vertex sum constants, namely the magic sum
spectrum, for such graphs.

More precisely, for a positive integer k > 2, let Zy = (Zx,+,0) be the additive
group of integer congruences modulo & with identity 0. We call a finite simple graph
G to be Zyx-magic if it admits an edge labeling f : EF(G) — Zx\{0} such that the
induced vertex sum f* : V(G) — Zy defined by f*(v) = >, cpq fluv) = ris
constant. The constant r is called a magic sum index, or an index for short, of G
under the labeling f, which follows R. Stanley. For fix integer k, we denote by I;(G)
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the set of all magic sum indices r such that G is Zyx-magic with an index r. We call
I(G) the magic sum spectrum, or the index set, of G with respect to Zy. Note
that the case of Zs-magicness is easy to settle. It is not hard to see that a graph G
is Zo-magic if and only if its degrees are of the same parity. However the discussion
of Zs-magic graphs is completely different from that of Zy-magic graphs for £ > 3.
It is quite challenging, and still open thus far, to obtain nice characterizations for
Zy-magic graphs for k > 3, see for example [6, 9, 15], and only certain necessary
conditions for Zy-magicness are obtained. Therefore the index sets of I;(G) is harder
to calculate for k£ > 3, since the information of index sets will imply that of Z-
magicness. Throughout this article we study the Zy-magicness for all £ > 3, however,
we remark that usually for the case of infinite cyclic group Z one may have similar
results when one obtains results over the finite cyclic group Zy.

Note that, it is not hard to see that any regular graph is Zy-magic for k& > 3,
however it is not as easy to determine completely the magic sum spectrum for a
regular graph G. We show in this paper that a regular graph with a 1-factor has the
full index set Zy for all £ > 3, and give examples of regular graphs without 1-factor
whose index set is not full Zy for some k > 3. We also show that the index set of
complete bipartite graphs K, , is isomorphic to the cyclic subgroups Zg4 generated
by %, where d = ged(m —n, k). The index sets of Cartesian product and lexicographic
product of graphs are studied. Among others we are able to determine completely the
index sets of certain fundamental classes of graphs such as cycles C),, complete graphs
K,, hypercubes @), wheels W,,, fans F},, complete bipartite graphs K,,,, complete
multipartite graphs K, ,, ... , with parts of the same orders, and all circulant graphs.

2 Main results

Recall that I(G) is the index set or the magic sum spectrum of G with respect
to Zy for k > 3. Among other results, we list the following:

Theorem 1 Let G be an r-reqular graph (r > 2) which admits a 1-factor, then
I(G) = Zx for all k > 3.

Theorem 2

{0}, k=3,
L(PC) = Z,\{0}, k=4,
Z, k> 5.

where the graph PC please see the Figure 1.

Theorem 3 Let C,, be an n-cycle, where n > 3, and k be a positive integer. We have
the following:
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Figure 1: PC' = Petersen’s Example for Cubic Graphs without 1-Factor

1. I;(Cp) = 2(Zx\{0}) = {22 : © #0, x € Zy}, for n odd.

2. It(C,) = Zy, for n even.

Theorem 4

Zy, if there exists some a € S with m even.
27, otherwise.

(CIR(S)) — {

where CIR,(S) is the circulant graph with respect to S C {1,2,---, 5]}, which
is defined as the graph with the vertex set V(CIR,(S)) ={0,1,2,--- ,n—1}, and the
edge set is formed by the following rule:

E(CIR,(S))={ij: i—j=+£s (modn), se€ S}
Theorem 5 For m,n > 2, and k > 3, the index set I;,(K,,,) of complete bipartite

graph K, ,, is (5), where d = ged(m — n, k), and (a) denote the additive subgroup of
Zi generated by the element a. Or equivalently,

[ {o}, if ged(m —n, k) = 1.
Ik(Km,n> - { <§> o~ Zd7 ifng<m_n7 /{;) = d, 1<d<k.

Theorem 6 The index sets of fans F,, n > 3, are as follows.

when k =3 :
0, n=3.
{0}, n=4.
I(F,) =14 0, n =>o.
Zs, for allm > 6 and n =1 (mod 3).
Z3\{0}, foralln>6 andn=0,2 (mod 3).
when k=4
{0, 2}, n=3.
Ii(F,) =< 2Z,=1{0,2}, n even.

7y, n > 5 odd.
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when k > 5 :

Iu(F,) = Zy, for alln >5 odd , and k > 5.
R = 9Zy, for alln >4 even , and k > 5.

Theorem 7 The index sets of wheels W, n > 3, are as follows.

when k =3 :

Zs. n=0 (mod 3).
L(W,) = { Z3\{0}, n=1,2 (mod 3).

when k > 4 :

| Zy, foralln even .
Ik (W) = { 27y, for alln odd .

Remark. Note that 2Z, = Zy when k is odd, and 2Zy = {0,2,---,%} when & is

2
even.

3 Open problems

We list here the following open problems to be explored further inspired from our
work:

1. Is the sufficient condition admitting a 1-factor is also necessary for regular
graphs to have the full index sets Zy, for all k£ > 37 See the examples of the
index sets of regular graphs without 1-factor in this article, which provide posi-
tive evidence for the above characterization that the sufficient condition is also
the necessary condition.

2. When is the index set I(G) a subgroup of Z,?

3. Characterize the graphs G having the index sets [(G) = Zg, where d is a
divisor of k. Note that this open problem includes cases d =1, 1 < d < k, and
d = k, respectively. The case d = 1 corresponds to characterizing the graphs G
having the index sets Ix(G) = {0}, for all £ > 3. The case d = k corresponds
to characterizing the graphs G having the index sets I(G) = Zy, for all k£ > 3.

4. Characterize the graphs which is Zy-magic, for k£ > 3.
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Let '=(X, R) denote a finite undirected, connected graph without loops or
multiple edges with vertex set X, edge set R, distance function 0, and diameter
D:=max{d(z,y) | x,y € X}. For a vertex x € X and an integer 0 < ¢ < D, set
Fi(x) :={z¢€ X | 0(x, z) =i}. The valency k(z) of a vertex € X is the cardinality
of I';(x). The graph I is called regular (with valency k) if each vertex in X has valency
k. A graph T is said to be distance-regular whenever for all integers 0 < h,i,j < D,
and all vertices x,y € X with d(z,y) = h, the number

h
pi; = ITs(z) N T5(y)|
is independent of z,y. The constants p?j are known as the intersection numbers of I'.

From now on let I' = (X, R) be a distance-regular graph with diameter D > 3.
For two vertices z,y € X, with d(z,y) = i, set

B(z,y) = TI'i(z)NTip(y),
Clz,y) = T'i(z)NTizi(y),
Az,y) = Ti(x)NTi(y).

Note that
1B(z,y)] = i1

|C($,y)| = pi i—1s
|A(z, )| = piy

are independent of z, y. For convenience, set ¢; :=p} , | for 1 <i < D, a; := p} ; for
0<i<D,b:=p}, . for0<i<D-—1andputbp:=0,cy:=0,k :=by. Note that
k is the valency of T'.

Recall that a sequence x, z, y of vertices of I' is geodetic whenever

oz, z) +0(z,y) = Iz, y),
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where 0 is the distance function of I'. A sequence x, z, y of vertices of I is weak-geodetic
whenever

Oz, 2)+ 0(z,y) < I(z,y) + 1.

Definition 1. A subset A C X is weak-geodetically closed if for any weak-geodetic
sequence x, z, y of T,
r, ye A=z e A.

Weak-geodetically closed subgraphs are called strongly closed subgraphs in [6]. If
a weak-geodetically closed subgraph A of diameter d is regular then it has valency
aq + cq = by — bg, where agq, ¢4, by, by are intersection numbers of I". Furthermore A
is distance-regular with intersection numbers a;(A) = a;(T") and ¢;(A) = ¢(T") for
1 <i<d [10, Theorem 4.5].

Definition 2. I is said to be i-bounded whenever for all z,y € X with d(x,y) < i,
there is a regular weak-geodetically closed subgraph of diameter d(x, y) which contains
x and y.

Note that a (D —1)-bounded distance-regular graph is clear to be D-bounded. The
properties of D-bounded distance-regular graphs were studied in [11], and these prop-
erties were used in the classification of classical distance-regular graphs of negative
type [12]. Before stating our main result we make one more definition.

By a parallelogram of length i, we mean a 4-tuple xyzw consisting of vertices of I'
such that d(z,y) = 0(z,w) =1, O(x,w) =i, and I(z, 2) = Iy, w) = Iy, z) =1 — L.
The previous study of parallelogram-free distance-regular graphs can be found in
13, 7, 9]. The following theorem is our main result in this talk.

Theorem 3 Let I' denote a distance-reqular graph with diameter D > 3, and inter-
section numbers a; = 0, ag # 0. Fixz an integer 1 < d < D —1 and suppose I' contains
no parallelograms of any length up to d+ 1. Then I" is d-bounded.

Theorem 3 is a generalization of [1, Lemma 4.3.13], [4], and is also proved under
an additional assumption ¢ > 1 by A. Hiraki [2]. To prove Theorem 3, we need
many previous results of [2]. Theorem 3 also answers the problem proposed in [10,
p. 299]. Many previous results prove its complement case a; # 0, for examples under
an additional assumption ¢ > 1 [10] and under the assumptions as > a; > ¢y =1
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[8]. For the assumptions as > a; and ¢; = 1, H. Suzuki proves the case d = 2 in
Theorem 3 [8]; in particular I' contains a regular weak-geodetically closed subgraph
Q) of diameter 2. Since the Friendship Theorem [13, Theorem 8.6.39] asserts no such
) in the case a; = co = 1, there must be no such distance-regular graph I" with
as > a3 = ¢ = 1 and I' contains no parallelograms of length 3. Note that the
assumption a; # 0 implies ay # 0 [1, Proposition 5.5.1(i)]. Hence Theorem 3 is also
true under the weaker assumptions b; > by and as # 0. Our method in proving
Theorem 3 also works for the case by > by and ay # 0 after a slight modification, but
we decide not to duplicate the previous works.

On the other hand we suppose that I' is d-bounded for d > 2. Let €2 C A be two
regular weak-geodetically closed subgraphs of diameters 1, 2 respectively. Since {2 and
A have different valency by — by and by — by respectively, we have b; > bs. It is also easy
to see that I' contains no parallelograms of any length up to d + 1 [10, Lemma 6.5].
With these comments, Theorem 3 is the final step in the following characterization
of d-bounded distance-regular graphs in terms of forbidden parallelograms.

Theorem 4. Let I' denote a distance-regular graph with diameter D > 3. Suppose
the intersection number ay # 0. Fiz an integer 2 < d < D — 1. Then the following
two conditions (i), (ii) are equivalent:

(i) T is d-bounded.

(ii) T' contains no parallelograms of any length up to d + 1 and by > bs.

Some applications of Theorem 3 were previously given in [2], [5].
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Given a graph G, a proper labeling f of G is a one-to-one function f : V(G) —
{1,2,--- ,|V(G)|}. The bandwidth sum (resp. bandwidth) of a graph G with respect
to f is defined by BS{(G) = >_ e (o) [/ (W)= f(v)] (resp. By(G) = maxuer@) |f(u)—
f(v)]). The bandwidth sum (resp. bandwidth) of a graph G, is defined by BS(G) =
min BS;(G) (resp. B(G) = min Bf(G)), where the minimum is taken for all proper
labelings f of G. For a proper labeling f, the profile width wy(v) of a vertex v in a
graph G is

wy(v) = max ((0) = £(2))

The profile P¢(G) of f is defined by
PHG) = > wy(v),

veV(Q)
and the profile of G is P(G) = min{P¢(G)|f is a proper labeling of G}. The join of
G and H is the graph G+ H with (G+ H) = V(G) UV (H) and

E(G+H)=EG)UEH)U{w|ueV(G)andv e V(H)}.

Garey et al. [5] showed that the bandwidth problem is NP-complete for general
graph. In fact, they proved that the problem is also NP-complete even when G is
restricted to the class of trees with no degree exceeding three. Liu, Wang, and Williams
[12] gives bounds for B(G+ H). Lai, Liu, and Williams [11] also provides the bounds of
bandwidth for the join of £ Graphs. Yan [15] find B(G+ H) and it gives a linear-time
algorithm for finding the bandwidth for cographs. The profile problem is NP-complete
since it is equivalent to the interval graph completion problem [13]. Kuo and Chang
[9] gave a polynomial-time algorithm for finding the profile problem of a tree. Kuo [§]
find P(G + H) and it gives a linear-time algorithm for finding profile of a cograph.

For bandwidth sum problem, Garey and Johnson [6] proved that the problem
is NP-complete for general graphs. Chung [4] gave a polynomial-time algorithm for
finding the bandwidth sum of a tree. What is BS(G + H)? Lai and Williams [10] gave
an algorithm for solving BS(G; + Gy + ... + G) when each G; is “sum deterministic”.
Chen, Kuo, Lin, and Yan [2] find BS(G; + G2 + ... + Gi) when each G; is a path,
cycle, complete graph, or union of isolated vertices. Chia, Kuo, and Yan [3] find

BS(K; + (U K,,)). Can we find a polynomial-time algorithm for solving BS(G + H)
i=1
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when GG and H are general graphs and finding bandwidth sum of a cograph. We have
some results for BS(K; + G).
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1 Introduction

The distance labeling (or coloring) of a graph is an assignment of numbers (or
labels) to the vertices with conditions depend on the distance between vertices. This
class of graph labeling is motivated by the frequency assignment problem.There are
considerable efforts on this labeling since it was introduced in 1992.

Given a graph G = (V| F) and nonnegative integers ki > ko > k3, an L(ky, ko, k3)-
labeling of G is an assignment f : V. — {0,1,...} such that |f(u) — f(v)] > k;
whenever the distance between u and v is ¢ in G, for ¢ = 1,2,3. The tuple (kq, ko, k3)
is called the constraint of the labeling. The L(ky, ks, k3)-span, A(G; k1, ks, k3), is the
smallest number m such that there is an L(ky, ko, k3)-labeling with the maximum value
m. If k3 = 0 then the constraint is denoted by (k1, k) for short. In the previous study,
people are interested in finding L(ky, k2)-spans with various k; and ky. Analogously,
we consider another parameter of L(kq, ko, k3)-labeling. Given an L(ky, k2, k3)-labeling
f of a graph G, the edge span of f is defined by max{|f(u)— f(v)| : uwv € E(G)}. The
L(ky, ko, k3)-edge span of G is the minimum edge span over all L(ky, ko, k3)-labelings
of G and is denoted by (G, ky, ko, k3). The case with constraint (2,1,0) has been
studied by Yeh[1].

In a communication network, large service areas are often covered by a network of
congruent polygonal cells with each station or transmitter at the center of cell that it
covers. There are only three regular tilings (regular cell coverings ) can cover the whole
plane, which are square tiling, hexagonal tiling and triangular tiling. Correspondingly,
we have the square lattice, the triangular lattice and the hexagonal lattice.

Since our labeling problem was motivated by the channel assignment problem
of a communication network,this talk will present recent results on edge spans with
constraints (ky, ke, k3) for these three classes of graphs.
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2 Properties and Basic Results
The following properties of the edge span 3 are easy to obtain.

1. If H is a subgraph of G then B(H;ky, ko, k3) < B(G; ky, ks, k3)
2. If d; > ky for i = 1,2,3 then 5(G;dy,da,d3) > B(G; ky, ko, ks3).
3. k1 < B(G; ky, ko, k3) < NG Ky, ko, k3).

4. If G is a r-regular graph then B(G; ky, ko, k3) > ki + (r — 1)ks.
Let P, and C, be path and cycle of order n. Then

L. B(Ky; k1, ko, ks) = (n— 1) ky = MKy kq, ko, k3).

2. B(Py; k1, ko, k3) = ky, where n > 2.

3. B(Cri ki, ko, 1) = ky + ko if ko < ky < 3k, where n > 4.

3 Infinite Graphs

Let 'y, I's, I'r and I'y be two-side infinite path, square lattice, triangular lattice
and hexagonal lattice, respectively. Then we have the following results:

1.
B(T: key, ko, ki3) = ke + o
2. .
B(Ls; ki, ko, 1) = { 21 + 3k, i 2 ; :z,;ki’,%g.
3.
3(Ir:3,2,1) = 16.
4. .
B(Chsky, ke, 1) = { 11 + 2k, gtﬁé;vilzz.: '
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Suppose G = (V, E) is a graph. For a vertex « of G, E(z) denotes the set of edges of
G incident to x. A (proper) edge weighting of G is a mapping that assigns to each edge
e of G areal number f(e) so that for any edge za’ of G, 3 ., f(€) # D cpn f(€)-
The real number assigned to an edge is called the weight of the edge. Instead of real
numbers, one can use elements of some other field as weights. For simplicity, the
weights are restricted to real numbers in this paper. The study of edge weighting
is initiated by Karonski, Luczak and Thomason [11]. They proposed the following
conjecture in [11]:

Conjecture 1 Every connected graphs G # K5 has an edge weighting f such that
f(e) € {1,2,3} for every edge e.

This conjecture is referred as the 1, 2, 3-conjecture and has received some attention.
It is shown in [11] if S is a subset of R of size at least 183 and is independent over the
field of rational numbers, then any connected graph G # K3 has an edge weighting f
with f(e) € S for every edge e. Under the same restriction that S being independent
over rational numbers, the bound 183 is reduced to 4 in [1] (if the minimum degree is
at least 1000 then the bound is reduced to 3). In [3], it is shown that any connected
graph G # K, has an edge weighting f with f(e) € {1,2,...,30} for every edge
e. The result was improved in [2], where it is shown that f can be chosen so that
f(e) € {1,2,...,16} for every edge e.

In [7], Bartnicki, Grytczuk and Niwczyk considered the choosability version of
1,2, 3-conjecture. A graph is said to be k-edge-weight-choosable if the following is
true: For any list assignment L which assigns to each edge e a set L(e) of k real
numbers, G has an edge weighting f such that f(e) € L(e) for each edge e.

Conjecture 2 Every graph without isolated edges is 3-edge-weight-choosable.

Conjecture 2 is stronger than Conjecture 1. Bartnicki, Grytczuk and Niwczyk [7]
verified this conjecture for complete graphs, complete bipartite graphs and some other
graphs. However, it is unknown if there is a constant k such that every graph without
isolated edges is k-edge-weight-choosable.

Przybylo and Wozniak [12, 13] studied weighting that involves both the edges and
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the vertices of G. Suppose G = (V, E) is a graph. A mapping f : VUE — R is called
a (proper) total weighting of G if the vertez-colouring ¢ of G induced by f defined
as

op(x) = Y fle)+ f(x)

ecE(x)

is a proper colouring of G, i.e., for any two adjacent vertices z and z’, ¢f(z) #
¢f(x'). Przybylo and Wozniak proposed the following conjecture and named it the
1, 2-conjecture in [12]:

Conjecture 3 Every simple graph G has a total weighting f such that f(y) € {1,2}
forally e VUE

Przybylo and WozZniak [12, 13] verified this conjecture for some special graphs,
including complete graphs, 4-regular graphs and graphs G with y(G) < 3. They
also proved that every simple graph G has a total weighting f such that f(y) €
{1,2,...,11} forally € VU E.

In this talk, we consider the choosability version of total weighting. A total list
assignment of G is a mapping L : V U E — P(R) which assigns to each element
y € VUE aset L(y) of real numbers as permissible weights. Given a total list
assignment L, a total weighting f is called an L-total weighting if for each y € VUE,
f(y) € L(y). We say G is L-total weightable if there exists a L-total weighting f of
G. Given a pair (k, k) of positive integers, a total list assignment L is called a (k, k')-
total list assignment if |L(z)| = k for each vertex x € V and |L(e)| = &’ for each edge
e € E. We say G is (k, k')-total weight choosable ((k,k'")-choosable, for short) if for
any (k, k')-total list assignment L, G is L-total-weightable.

The notion of L-total weightability and the notion of (k, k’)-total weight choosable
is a common generalization of the above mentioned various edge weighting concepts.
It also includes the ordinary vertex colouring and vertex choosability as its special
cases. A total list assignment L is called a vertex list assignment if L(e) = {0} for
cach edge e € E. If L is a vertex list assignment for which |L(x)| = k for each vertex
x, then L is a vertex k-list assignment. A graph G is called k-choosable if for any
k-vertex list assignment L, G is L-total weightable. The choosability ch(G) of a graph
G (also called the choice number of G or the list chromatic number of G and denoted
by x:(G)) is the minimum integer k such that G is k-choosable.

It follows from the definition that if a graph G is (k,1)-choosable, then G is
k-choosable (as one can let L(e) = {0} for each edge e). The converse is also true.
Assume G is k-choosable, and L is a (k, 1)-total list assignment with L(e) = {l(e)} for
each edge e. Let L' be a k-vertex list assignment defined as L'(z) = {a+>_ c () l(e) :
a € L(z)}. Since G is k-choosable, G has an L’-colouring f’. Then f(x) = f'(z) —
> ecn(@ l(e) and f(e) = l(e) is an L-total weighting of G.
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It also follows from the definition that if a graph G is (1, k)-choosable, then it
is k-edge-weight-choosable. The converse is not true. For example, the path P =
(v1, v9,v3,v4) is 2-edge-weight-choosable, but it is not (1,2)-choosable. Let L(v;) =
{1}, L(v;) = {0} for i = 2,3,4, and let L(e) = {0,1} for each edge e. It can be
verified that there is no L-total weighting. However, we shall show that those graphs
shown in [7] to be k-edge-weight-choosable are also (1, k)-choosable. We propose two
conjectures concerning total weight choosability of graphs.

Conjecture 4 There are constants k, &’ such that every graph is (k, k)-choosable.

Conjecture 5 Every graph is (2, 2)-choosable. Every graph with no isolated edges is
(1,3)-choosable.

Note that if a graph G is (k, k’)-choosable, then it is (k + 1, k")-choosable and
(k, k' + 1)-choosable. If Conjecture 5 is true, then the integer pairs are best possible,
as there are graphs which are not (1,2)-choosable and for any integer k, there are
graphs which are not (k, 1)-choosable.

Conjecture 5 is stronger than Conjectures 1, 2 and 3. Although (1, 3)-total weight
choosability is stronger than the 3-edge weight choosability, we shall see that in some
inductive proofs, the stronger version has its advantage. The argument in [7] actually
shows that complete graphs, complete bipartite graphs and some other graphs are
(1,3)-choosable. In this talk, I shall survey some the results concerning total choos-
ability of graphs obtained in a few papers (by Bartnicki, Grytczuk and Niwczyk,
Wong, Yang and Zhu, Chang, Wong and Zhu). Then I shall explain how to prove
that the complete graphs are (2,2)-choosable, by using combinatorial nullstellensatz.
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