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1 Basic logic: not, and, or

Note 1.1.
The purpose of logic is to label sentences either with the symbol T (for true)
or with the symbol F (for false).

Definition 1.2.
A sentence which can be labeled in T or F is called a statement.
The truth value of a statement is defined to be the symbol T or F after labeling.
Two statements P and Q are said to be logically equivalent (or simply equivalent),
denoted by P ⇐⇒ Q, if they have the same truth value.

Definition 1.3.
Let P and Q be two statements.

1. The truth value of the statement “not P” is defined to be F (T , resp.)
if the truth value of P is T (F , resp.).
The statement “not P” is called
the negation (or contradictory) of the statement “P”.

2. The truth value of the statement “P and Q” is defined to be T
if both truth values of P and Q are T , and is defined to be F otherwise.

3. The truth value of the statement “P or Q” is defined to be F
if both truth values of P and Q are F , and is defined to be T otherwise.

4. The words “and” and “or” are called connectives.

Note 1.4.
Let P and Q are two statements. Then we have the following true-false tables.

P not P
− −−−
T F
F T

P Q P and Q
− − −−−−
T T T
T F F
F T F
F F F

P Q P or Q
− − −−−−
T T T
T F T
F T T
F F F

Theorem 1.5 (de Morgan’s law for logic).
Let P and Q are two statements. Then the followings hold.

1. The two statements “not (P or Q)” and “(not P ) and (not Q)” are equivalent.

2. The two statements “not (P and Q)” and “(not P ) or (not Q)” are equivalent.

Note 1.6.
From now on, we will use the Aristotelian logic principle:
every sensible sentence is either true or false; so it is a statement.

1



Ming-Chia Li Elements of Mathematics
mcli@math.nctu.edu.tw All rights reserved

2 Sufficient and necessary conditions

Definition 2.1.
Let P and Q be two statements.

1. The truth value of the statement “P implies Q” is defined to be F
if the truth value of P is T and the truth value of Q is F ,
and is defined to be T otherwise.

2. The statement “P implies Q” is denoted by “P =⇒ Q” and is also expressed by

(a) If P then Q;

(b) P is a sufficient condition of Q;

(c) Q is a necessary condition of P ;

(d) P only if Q;

(e) Q if P .

Note 2.2.
Let P and Q are two statements. Then we have the following true-false tables.

P Q P =⇒ Q
− − −−−−
T T T
T F F
F T T
F F T

To determine the true value of the statement P =⇒ Q,
we consider first the case when P is true;
otherwise, we conclude the statement P =⇒ Q is always true for the case when P is false.

Note 2.3.
From now on, we will follow the logical syllogism:
the truth of “P” and of “P =⇒ Q” gives us that “Q must be true”;
such rule is called modus ponendo ponens (MPP).
However, the truth of “Q” and of “P =⇒ Q” does not give us that “P must be true”.
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3 Equivalence, predicate and quantifier

Theorem 3.1.
Let P and Q be two statements. Then we have the followings.

1. “P implies Q” ⇐⇒ “not Q implies not P”⇐⇒ “not P or Q”;

2. “P is equivalent to Q” ⇐⇒ “P if and only if Q”
⇐⇒ “P is a necessary and sufficient condition of Q”.

Definition 3.2.
Let P and Q be two statements.
The contrapositive of “P =⇒ Q” is defined to be “not Q implies not P”.
The converse of “P =⇒ Q” is defined to be “Q =⇒ P”.

Definition 3.3.
A statement which is true all the time regardless of the true values of its components
is called tautology, for instance, the statement “P =⇒ Q or (not Q)”.

Definition 3.4.
A predicate is a sentence which contains one or more variables
but which becomes a statement when we replace the variables by objects from their range.
A predicate may be converted into a statement by substituting objects for the variables.
With the use of the quantifiers “for any (denoted by ∀)”
and “there exists (denoted by ∃)”, a predicate may be converted into a statement.

Note 3.5.
The contradictory of the statement “∀x P (x)” is “∃x such that (not P (x))”.
The contradictory of the statement “∃x such that P (x)” is “∀x (not P (x))”.
The ranges of the the variables in the statement and its contradictory have to be the same.
It is often that we say “P (x) for any x” instead of “∀x P (x)”
and we say “P (x) for some x” instead of “∃x such that P (x)”.

Note 3.6.
To prove the statement ∀x P (x),
one has to assume x is arbitrary in the range and try and deduce the truth of P (x).
To disprove the statement ∀x P (x),
one has to find a single y in the range for which P (y) is false.
Such a y is called a counter-example to the statement ∀x P (x).
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4 Mathematical theory and proof

Note 4.1.

1. Mathematical theories arise as an attempt to abstract
the essential features of a real world.

2. Axioms corresponds to well-established real world facts.

Note 4.2.

1. The description of a mathematical theory should begin with a list of symbols.

2. Symbols may be put together to make up formulae.

3. Formulae may be put together to make up sentences.

4. Some sentences are called axioms.

5. Rules of deduction tell under what circumstances a sentence may be
deduced from other sentences.

Definition 4.3.
A mathematical proof of a theorem P is defined to be
a list of sentences and the last of which is P ;
each sentence in this list must either an axiom
or else a deduction from sentences appearing earlier in the list.

Note 4.4.
The sentence “P is obvious” means “It is easy to think of a proof of P”,
not “I cannot think of a proof of P but I am sure it must be true”.

Note 4.5.
Let P and Q be two statement. To prove that “P implies Q”
we normally use one of the following three methods:

1. Assume that P is true and try and deduce the truth of Q;

2. Assume that the truth of (not Q) and try and deduce the truth of (not P );

3. Assume the truth of both P and (not Q) and see a contradiction.

Note 4.6.
A theorem is supposed to be an important mathematical statement.
A proposition is a statement of less importance.
A lemma is used as a step to verify a theorem or a proposition.
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5 Basic methods of proof

Note 5.1.
Now we introduce “direct proof ”, “proof by contradiction ”, “proof by induction ”, and “counting argument”.

Proposition 5.2.
Let m and n be two natural numbers. Then the following hold.

1. If m is even, then m2 is even.

2. If m is odd, then m2 is odd.

3. If both m and n are odd, then m+ n is even.

4. If both m and n are even, then m+ n is even.

5. Either n > 6 or n < 9.

Theorem 5.3 (Pythagoras’s theorem).
There is no rational number x with the property that x2 = 2.

Theorem 5.4 (pigeonhole principle or Dirichlet’s drawer shutting principle).
Let m and n be two natural numbers.
If n pigeons are put into m pigeonholes, and if n > m,
then at least one pigeonhole must contain more than one pigeon.

Theorem 5.5 (mathematical induction).
Let P (n) be a statement about the natural numbers and n0 be a natural number. If

1. P (n0) is true; and

2. for every natural number k ≥ n0, if P (k) is true then P (k + 1) is true,

then P (n) is true for any natural number n ≥ n0.

Proposition 5.6.
Let n be a natural number. Then the following hold.

1. The number n2 + 5n+ 6 is even.

2. 1 + 2 + · · ·+ n = n(n+1)
2

.

3. 3n > 2n2 + 3n provided n ≥ 4.
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6 Other methods of proof

Theorem 6.1 (strong mathematical induction).
Let P (n) be a statement about the natural numbers and n0 be a natural number. If

1. P (n0) is true; and

2. for every natural number k ≥ n0,
if P (i) is true for all natural numbers n0 ≤ i ≤ k then P (k + 1) is true,

then P (n) is true for any natural number n ≥ n0.

Theorem 6.2.
Every integer greater than 1 is either prime or the product of primes.

Example 6.3 (counting argument).
Use the counting argument to show that the following statements are true.

1. If there are 23 persons in a room,
then the probability that two of them have the same birthday is better than even.

2. If there are 6 persons in a room,
then either 3 of them know each other or 3 of them do not know each other.

3. If Mike is dealt a poker hand of 5 cards from a standard deck of 52,
then the probability that he holds four of a kind is 0.00024.

4. There exist irrational numbers a and b such that ab is rational.
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